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Abstract—The perfect phylogeny mixture (PPM) model is
useful due to its simplicity and applicability in scenarios where
mutations can be assumed to accumulate monotonically over
time. It is the underlying model in many tools [1]–[16] that have
been used, for example, to infer phylogenetic trees for tumor
evolution and reconstruction [7]. Unfortunately, the PPM model
gives rise to substantial ambiguity – in that many different
phylogenetic trees can explain the same observed data – even
in the idealized setting where data are observed perfectly, i.e.
fully and without noise. This ambiguity has been studied in this
perfect setting [17], which proposed a procedure to bound the
number of solutions given a fixed instance of observation data.
Beyond this, studies have been primarily empirical. Recent work
proposed adding extra constraints to the PPM model to tackle
ambiguity [11].

In this paper, we first show that the extra constraints of
[11], called longitudinal constraints (LC), often fail to reduce the
number of distinct trees that explain the observations. We then
propose novel alternative constraints to limit solution ambiguity
and study their impact when the data are observed perfectly.
Unlike the analysis in [17], our theoretical results—regarding
both the inefficacy of the LC and the extent to which our new
constrains reduce ambiguity are not tied to a single observation
instance. Rather, our theorems hold over large ensembles of
possible inference problems. To the best of our knowledge, we are
the first to study degeneracy in the PPM model in this ensemble-
based theoretical framework.

I. INTRODUCTION
Phylogenetic tree inference plays a central role in advancing

scientific knowledge. In the medical field, for example, it
can critically improve cancer treatment outcomes [18]. Under-
standing the evolutionary relationships among tumor clones is
crucial for devising effective treatment strategies that target
vulnerabilities shared among ancestral clones.

The standard approach to analyzing tumor genomes is
bulk tumor sequencing, which provides a snapshot of the
overall genetic mutations present within a tumor sample.
To reconstruct ancestral relationships from bulk sequencing
data, it is necessary to impose structural constraints on the
evolutionary model. One such constraint that is frequently
employed is the infinite sites assumption [19], [20]. The infinite
sites assumption states that a mutation arises at a specific locus
only once during the tumor’s evolutionary progression. This
implies that throughout evolution the same genetic alteration
cannot arise independently in separate lineages but can only be
inherited, resulting in what is known as a perfect phylogeny.
Although the perfect phylogeny assumption is restrictive in
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certain scenarios [5], [21]–[25], it captures many cancer evo-
lutionary processes and has therefore been utilized extensively
in the literature [5], [6], [26], [27].

The Perfect Phylogeny Mixture (PPM) model [19], [20]
formalizes the infinite sites assumption by relating relative
abundances of mutants 𝑀∗, their ancestral relationships 𝑈∗,
and the observed frequencies of distinguishing mutations 𝐹∗.
In equation (1), we present an illustrative example of each of
these quantities and explain their interpretation.

𝑀∗ =


M1,:

M2,:

M3,:

M4,:


=


0.6 0.3 0.1 0.0
0.1 0.3 0.4 0.5
0.2 0.3 0.4 0.5
0.1 0.1 0.1 0.0

 ; (1)

𝑈∗ =


1 1 1 1
0 1 1 0
0 0 1 0
0 0 0 1

 ; 𝐹∗ =


1.0 1.0 1.0 1.0
0.3 0.6 0.8 1.0
0.2 0.3 0.4 0.5
0.1 0.1 0.1 0.0

 .
Matrix 𝑀∗ describes how the relative abundances of mutant

types 1, 2, 3 and 4 evolve over discrete sampling times 𝑡 =
1, 2, . . . , 5. The entry 𝑀∗

𝑖,𝑡 denotes the fraction of mutant type
𝑖 in the population at time 𝑡. Matrix 𝑈∗ encodes the ancestral
relationships among mutant types in a binary matrix, where
𝑈𝑖, 𝑗 = 1 indicates that mutant 𝑖 is an ancestor of mutant 𝑗 .
By definition, 𝑈𝑖,𝑖 = 1 for all 𝑖. The matrix 𝑈∗ describes a
rooted tree, with root mutant type 1, which has children mutant
types 4 and 2, and where mutant type 3 is a child of mutant
type 2. Throughout the paper, and to simplify language, we
will sometimes refer to “mutant type 𝑖” simply as “mutant 𝑖”.
Under the infinite sites assumption, the structure encoded by
𝑈∗ we can extract unique mutations that accumulate and are
never lost, and that distinguish child and parent. In particular,
mutant 1 carries the symbolic root (null) mutation 1, which is
inherited by all its descendants. Mutant 𝑖 acquires mutation 𝑖
and transmits it to all of its descendants. Because each mutant
is uniquely identified by the mutation it acquires and transmits,
the columns of 𝑈∗ encode both ancestral relationships and
mutation content.

At each point in time, the matrices 𝑀∗ and 𝑈∗ together
determine the relative abundances of different mutations in
the population. For example, all mutants share mutation 1,
and therefore F∗

1,:, the frequency of mutation 1 across time,
is constant and equal to [1, 1, 1, 1, 1]. Mutation 2 is shared
by mutants 2 and 3, and thus its frequency over time is
F∗

2,: = M∗
2,: + M∗

3,: = [0.1, 0.3, 0.4, 0.5] + [0.2, 0.3, 0.4, 0.5] =
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[0.3, 0.6, 0.8, 1.0]. We can compute F∗
3,: and F∗

4,: by analogous
reasoning. These operations can be compactly expressed in
matrix form as

𝐹∗ = 𝑈∗𝑀∗, (2)

which holds generally for any valid PPM instance.
The problem of inferring a phylogenetic tree from bulk

data under the PPM model is to infer 𝑈∗ (and 𝑀∗) from
𝐹∗, or from a noisy or partially observed version of 𝐹∗.
In addition to the fact that solving this problem is NP-hard
[5], [28], [29], it frequently admits multiple distinct solutions,
corresponding to different plausible evolutionary trajectories
that explain the same data. This multiplicity of solutions
challenges biological interpretation—for instance, when de-
signing treatment strategies targeting shared vulnerabilities
among ancestral clones. Throughout this paper, we refer to
this multiplicity of solutions as degeneracy. More degeneracy
implies more distinct solutions.

In the example of (1), degeneracy manifests as ambiguity in
the placement of mutant type 4 within the evolutionary tree.
One solution follows 𝑈∗, where mutant type 4 is a child of
mutant type 1. Alterative solutions place mutant 4 as a child
of mutant 2 or mutant 3. For each of these three choices of 𝑈,
a corresponding abundance matrix 𝑀 exists that satisfies (2).
For any other choice of 𝑈, no meaningful 𝑀 satisfies (2).

As the number of mutants increases or the number of
sampling times decreases, the degree of degeneracy can grow
rapidly. Indeed, [17] reports instances with as few as 13
mutants and 5 time samples that admit at least 380 alternative
solutions. They also propose a numerical procedure to bound
the number of solutions for a specific instance. This procedure
consists of two steps: first, constructing a directed acyclic
graph (DAG) from specific and perfect observation data 𝐹∗,
where edges represent admissible parent-child relationships;
and Second, counting the spanning trees of this DAG using
combinatorial techniques.

To reduce degeneracy, additional constraints may be
imposed on the PPM model. For instance, consider again
the example in (1) and the solution in which mutant 4 is
inferred as a child of mutant 2. The corresponding ancestral
matrix is 𝑈 = [[1, 1, 1, 1]; [0, 1, 1, 1]; [0, 0, 1, 0]; [0, 0, 0, 1]],
and the associated abundance matrix is 𝑀 = 𝑈−1𝐹∗ =
[[0.7, 0.4, 0.2, 0.0]; [0.0, 0.2, 0.3, 0.5]; [0.2, 0.3, 0.4, 0.5];
[0.1, 0.1, 0.1, 0.0]], where rows are sub-arrays. This solution
exhibits two notable properties that can be inferred from 𝑀 .
First, at time 𝑡 = 1, mutant 4 is present while its infered
parent, mutant 2, has not yet appeared; mutant 2 only emerges
at time 𝑡 = 2. Second, the mutant abundances in 𝑀 vary
more rapidly over time than in the ground-truth solution 𝑀∗.
For example, defining 𝑟 (𝑀) =

∑4
𝑖=1

∑3
𝑡=1 |𝑀𝑖,𝑡+1 − 𝑀𝑖,𝑡 |, we

obtain 𝑟 (𝑀) = 1.6 for this solution, compared to 𝑟 (𝑀∗) = 1.4.
These observations motivate additional constraints on the

PPM model that exclude such solutions (e.g., where mutant
4 is inferred as a child of mutant 2), and thereby reduce
degeneracy. The first class of constraints, known as longitu-
dinal conditions (LC), was introduced in [11] and explicitly
forbids a child mutant from appearing before its parent. The
second class, which we term dynamic constraints (DC), is

introduced in this work and restricts the temporal variation
of mutant abundances; for example, one may forbid solutions
with 𝑟 (𝑀) > 1.5. Such a constraint would exclude both the
solution where mutant 4 is a child of mutant 2 and the solution
where mutant 4 is a child of mutant 3.

Our goal is to theoretically study the degeneracy of (2) and
of two variants aimed at reducing it: one incorporating LC and
the other incorporating DC.

A. Paper organization and summary of main results
In Section II, we introduce the notation. In Section III-A,

we give background on the PPM model. In Section III-B, we
discuss degeneracy in the classical model, and in Section III-C,
we review the LC recently proposed to tackle degeneracy. In
Section IV, we review other related work. In Section V, we
present our main results, which constitute, to our knowledge,
the first theoretical study of degeneracy under both LC and
DC. Complete proofs and auxiliary results are provided in the
appendices. In Section VI, we present numerical experiments,
and in Section VII, we conclude the paper. Our main theoret-
ical contributions are as follows:
• In Section V-A, we prove an equivalent reformulation of
the LC introduced in [11] that is simpler, in that it involves
only mutant abundances and ancestral relationships, and not
mutation frequencies;

• In Section V-B, we introduce an ensemble of problems for
which we prove that LC do not reduce degeneracy;

• In Section V-C, we introduce a second ensemble of prob-
lems for which we compute a lower bound on the degener-
acy of the PPM model. We then focus on small deviations
from the ground truth phylogenetic tree and derive an upper
bound on the degeneracy when DC are imposed on the
evolutionary trajectories of mutants.

II. NOTATION
This section defines the primary notation used throughout

the paper.
Acronyms and global parameters. We use the follow-
ing acronyms throughout the paper: PPM stands for Perfect
Phylogeny Mixture, LC for Longitudinal Conditions, ELC
for Extended Longitudinal Conditions, and DC for Dynamic
Constraints. We denote by 𝑞 the number of mutant types
(equivalently, mutations) and by 𝑛 the number of (time)
samples.
Indices and indexing conventions. We use 𝑖 to index mutant
types, mutations, or equivalently nodes in a phylogenetic tree,
and 𝑡 to index samples. We write [𝑞] ≡ {1, . . . , 𝑞} and [𝑛] ≡
{1, . . . , 𝑛}. Unless stated otherwise, unordered index sets are
assumed to be ordered increasingly when used for indexing.
Matrices, vectors, and ground truth quantities. Upper-
case letters denote matrices and bold lower-case letters denote
vectors. In particular, 𝐹 ∈ R𝑞×𝑛 is the matrix of mutation
frequencies and 𝑀 ∈ R𝑞×𝑛 is the matrix of mutant abundances.
Bold notation such as F𝑖,: and F:,𝑡 refers to rows and columns
of 𝐹. Ground truth quantities are marked with a superscript
∗; for example, 𝐹∗, 𝑀∗, and 𝑈∗ denote the true mutation
frequencies, abundances, and ancestral relationships.
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Tree and ancestry notation. We consider directed labeled
rooted trees (arborescences) with node set [𝑞] and root 𝑟 . For
a node 𝑖, 𝜕𝑖 denotes the set of its children, and Δ𝑖 denotes
the set consisting of 𝑖 together with all its descendants. The
matrix 𝑈 ∈ {0, 1}𝑞×𝑞 encodes ancestral relationships: 𝑈𝑖, 𝑗 = 1
if and only if 𝑖 = 𝑗 or 𝑖 is an ancestor of 𝑗 . We also use a
parent-operator matrix 𝑇 . We use 𝜕∗𝑖 and Δ∗𝑖 to denote the
corresponding sets in the ground truth tree encoded by 𝑈∗.
Linear algebra conventions. For a matrix 𝐴, 𝐴> denotes its
transpose and 𝐴−1 its inverse when it exists. Inequalities such
as 𝐴 ≥ 0 are interpreted component-wise, e.g. 𝐴 ≥ 0 means
that 𝐴𝑖, 𝑗 ≥ 0, ∀𝑖, 𝑗 . The identity matrix is denoted by 𝐼, or
by 𝐼𝑛 or 𝐼𝑛×𝑛 for an 𝑛 × 𝑛 identity matrix when its dimension
needs to be specified. The vector 1 denotes an all-ones vector,
with 11×𝑛 and 1𝑛×1 indicating its shape when needed.
Sets and multisets. Calligraphic letters denote sets or multi-
sets. For a (multi)set S, |S| denotes its cardinality, counting
multiplicities if S is a multiset. We use ∩ to denote (multi)set
intersection and ∪ to denote union. Repeated elements are not
removed when performing union involving multisets. We use
− to denote (multi)set different. Consider C = A − B. If A
has 𝑥 copies of element 𝑒 and B has 𝑦 ≤ 𝑥 copies of 𝑒, then
C has 𝑦−𝑥 copies of 𝑒. If 𝑦 > 𝑥, C has no 𝑒. Given a multiset
S and an array 𝑀 , 𝑀S ≡ ∑

𝑗∈S 𝑀 𝑗 , where repeated elements
are added multiple times in the sum.
Subvectors and submatrices. Given a vector v and an ordered
index set S, the vector vS consists of the entries of v indexed
by S in that order. Given a matrix 𝐴 and ordered index sets
S and Q, 𝐴S,Q denotes the corresponding submatrix. For 𝐴 ∈
R𝑞×𝑛, we write 𝐴:,S = 𝐴[𝑞 ],S and 𝐴S,: = 𝐴S, [𝑛] . If the order
of an indexing set S is not specified, we assume its elements
are ordered in increasing order.
Probability and norms. We use P(𝐸) to denote the probabil-
ity of an event 𝐸 , E(𝑋) the expectation of a random variable
𝑋 , and P(𝐴 | 𝐵) the conditional probability of 𝐴 given 𝐵.
Unless specified otherwise, | · | and | · |2 denote the Euclidean
norm for vectors and the Frobenius norm for matrices, while
| · |1 denotes the vector 1-norm or the 1-norm of a vectorized
matrix.
Time-related definitions. For each mutant type 𝑖, 𝑡min

𝑖 and
𝑡max
𝑖 denote the birth and death times as defined in [11]. The
quantities 𝑡′min

𝑖 and 𝑡′max
𝑖 denote the corresponding times under

our definitions (see Section V-A). Using the ground truth
matrices 𝑀∗ and 𝑈∗, we write 𝑡∗′min

𝑖 and 𝑡∗′max
𝑖 for the birth

and death times computed according to our definitions, and
𝑡∗min
𝑖 and 𝑡∗max

𝑖 for those computed using the definitions of
[11].

III. BACKGROUND
A. Inference using the PPM Model

Consider a sample with different types of mutants, possibly
comprising multiple clones per type, where each type of
mutant has a unique set of mutations that distinguishes it
from other types. The PPM model relates the following three
quantities: the (relative) abundance of different mutations, the
(relative) abundance of each mutant type, and the ancestral
relationships among mutant types. The PPM model assumes

that the descendants of a mutant inherit all of its mutations
and have additional mutations. Mutations are not lost, they
only accumulate, and the same mutation does not appear in
separate lineages. This is sometimes called the infinite sites
assumption.

If there are 𝑞 different types of mutants in the sample,
we assume that among these is a unique mutant type, the
root mutant type, from which all the other mutants types
descend. We assume that the ancestral relationship between
mutants types is a rooted directed tree, sometimes also called
an arborescence. For mathematical convenience, we assume
that the root mutant type has a mutation, the root mutation,
which is shared by all the mutants. We assume that the other
mutants accumulate at most 𝑞 − 1 new mutations, hence, 𝑞
mutations in total. We note that a single “new mutation” may
correspond to changes at multiple genome positions, a detail
that we abstract away in this paper. This allows us to label
mutant types and mutations using the same labels. The mutant
type 𝑖 is the mutant with the fewest mutations (i.e. the simplest
mutant) that has mutation 𝑖. Without loss of generality, we
use integers to describe mutations and mutant types, and let
𝑖 ∈ [𝑞] ≡ {1, . . . , 𝑞}.

It follows that the fraction (or number) of clones in one
sample that have a mutation 𝑖 is the sum of (a) the fraction
(or number) of clones of the simplest mutant type that has mu-
tation 𝑖 and (b) the fraction (or number) of all its descendants,
which according to the PPM model are the only other clones
that also have the mutation 𝑖. We are interested in inferring
phylogenetic trees from 𝑛 different population samples, and
these relationships hold for each sample. If we distinguish
samples using 𝑡 ∈ [𝑛] for the 𝑡-th sample, we have

𝐹𝑖,𝑡 = 𝑀𝑖,𝑡 +
∑

𝑗 descendant
of 𝑖

𝑀 𝑗 ,𝑡 = 𝑀𝑖,𝑡 +
∑

𝑗≠𝑖:𝑈𝑖, 𝑗=1
𝑀 𝑗 ,𝑡 (3)

=
𝑞∑
𝑗=1

𝑈𝑖, 𝑗𝑀 𝑗 ,𝑡 = [𝑈𝑀]𝑖,𝑡 , (4)

where
1) 𝑀 ∈ R+

0
𝑞×𝑛 and 𝑀𝑖,𝑡 is the fraction of mutant type 𝑖 in the

population in sample 𝑡, in which case
∑𝑞

𝑖=1 𝑀𝑖,𝑡 = 1, or 𝑀𝑖,𝑡

is the raw count of all clones of mutant type 𝑖 in sample 𝑡;
2) 𝐹 ∈ R+

0
𝑞×𝑛 and 𝐹𝑖,𝑡 is the fraction of mutation 𝑖 in the

population in sample 𝑡, in which case 𝐹𝑖 ≤ 1, or it is the
raw count of all mutations 𝑖 in that sample;

3) 𝑈 ∈ {0, 1}𝑞×𝑞 is the ancestral matrix, with entries indexed
by nodes of the arborescence, which represent mutant types
(or equivalently mutations, since they share labels as ex-
plained). Entry 𝑈𝑖, 𝑗 = 1 if and only if 𝑖 = 𝑗 or node 𝑗 is an
ancestor of node 𝑖;
– It follows immediately from this definition that the 𝑗-

th column of 𝑈 has a 1 in row 𝑖 if and only if 𝑖 = 𝑗
or if node 𝑖 is a child of node 𝑗 , or a child of a child
of 𝑗 , etc. Hence 𝑈 = 𝐼 + 𝑇 + 𝑇2 + · · · + 𝑇𝑞−1, where
𝑇 is a matrix representation of the operator that takes
children to parents in the ancestry tree. That is, 𝑇 satisfies
𝑇e𝑖 = e 𝑗 if 𝑗 is the parent of 𝑖, where e𝑖 is the 𝑖-th
canonical basis vector. Since 𝑇𝑞 = 𝑇𝑞+1 = · · · = 0, it
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follows that 𝑈 = (𝐼 − 𝑇)−1. Thus, the same ancestral
relationship among a set of mutant types, or mutations
can be represented using either 𝑈 or 𝑇 ;

– For a fixed 𝑈 and a node 𝑖, we define Δ𝑖 as the set
consisting of 𝑖 and all of its descendants, and 𝜕𝑖 as the
set of children of 𝑖;

In this paper, we study the multiplicity of solutions to the
following inference problem. Assume there exists an unknown
triple 𝑈∗, 𝑀∗ and 𝐹∗ that satisfies (4). We observe a clean,
corrupted, or masked version of 𝐹∗, which we denote by 𝐹
to distinguish it from 𝐹∗. From 𝐹, we seek to recover 𝑈∗ and
𝑀∗.

Model (4) allows ancestral relationships 𝑈 with multiple
roots, that is, a forest of directed rooted trees. To simplify the
exposition, we make the following assumption.

Assumption 1. Matrix 𝑈∗ has a unique root, 𝑟∗.

Accordingly, when searching for an alternative 𝑈 that ex-
plains 𝐹, we require that 𝑈 encode a single-root directed tree.

If the 𝑛 samples are unrelated, we have 𝑛 separate inference
problems. We focus instead on the more interesting and useful
setting in which the ground truth ancestral matrix 𝑈∗ is shared
across all samples, while the abundance of mutant type 𝑖 might
vary across samples, i.e., 𝑀∗

𝑖,𝑡 might be different from 𝑀∗
𝑖,𝑡 ′

for 𝑡 ≠ 𝑡′.
The relationship between the observed 𝐹 and the ground

truth 𝐹∗ leads to several inference formulations. We now list
a few. Assume that 𝑀∗ represent fractions rather than counts.
1) If 𝐹 = 𝐹∗ and 𝐹∗ is fully observed, we seek factorizations

of the form 𝐹 = 𝑈𝑀 , subject to the constraints 1>𝑀 = 1>,
𝑀 ≥ 0, and that 𝑈 is a valid ancestral matrix;

2) If only 𝑞′ < 𝑞 rows of 𝐹∗ are observed, we replace 1>𝑀 =
1> by 1>𝑀 ≤ 1> in the first formulation. During inference,
both 𝐹 and 𝑀 have 𝑞′ rows (see Appendix A for more
details);

3) If 𝐹 is a corrupted version of 𝐹∗, we impose the constraint
that 𝐹 be close to 𝑈𝑀 , for example by minimizing ‖𝐹 −
𝑈𝑀 ‖2 subject to 1>𝑀 ≤ 1> and 𝑀 ≥ 0, where ‖ · ‖2 is the
Frobenius matrix norm;
These inference procedures can be interpreted as maximum

likelihood, or maximum a posteriori estimation, under appro-
priately defined posteriors and priors. In all cases, the resulting
inference problem is computationally hard [5], [28], [29], and
a myriad of heuristic methods have been proposed. Examples
of commonly used tools include PhyloSub [30], PhyloWGS
[6], AncesTree [5], and BEAST [31], along with additional
literature cited in [32].

B. Degeneracy in the PPM model
Even when we observe the frequency of all mutations in

the samples with perfect accuracy, one might find multiple
solutions that explain the observations.

In a situation where we work with relative abundances,
assume that we observe 𝐹 = 𝐹∗ and we want to find a
candidate ancestry matrix 𝑈 to explain it. Given 𝑈, the
candidate 𝑀 is fixed and equals 𝑀 = 𝑈−1𝐹∗ = 𝐹∗ − 𝑇𝐹∗,
and must satisfy conditions 1>𝑀 = 1> and 𝑀 ≥ 0. We can

study the degeneracy of this problem by counting how many
ancestry matrices 𝑈 there are for which

𝑈−1𝐹∗ ≥ 0, (5)
1>𝑈−1𝐹∗ = 1>. (6)

Condition (6) can be simplified under the following assump-
tion. Recall that 𝑟∗ is the unique root of 𝑈∗.

Assumption 2. When doing inference, there is a sample 𝑡 for
which 𝑀∗

𝑟∗ ,𝑡 > 0.

Lemma 1. Let 𝑛 and 𝑞 be fixed. Let 𝐹∗ = 𝑈∗𝑀∗, where 𝑈∗

is an ancestry matrix with unique root 𝑟∗ (Assumption 1) and
𝑀∗ is a mutant frequency matrix, i.e. 𝑀∗ ≥ 0, 1>𝑀∗ = 1>,
satisfying Assumption 2. Let 𝑈 be an ancestry matrix with a
single root 𝑟 and 𝑀 = 𝑈−1𝐹∗. Then 1>𝑀 = 1> if and only if
𝑟 = 𝑟∗.

Proof. Let 𝑈 = (𝐼 − 𝑇)−1 have a unique root 𝑟 and let e𝑟 be
the 𝑟-th canonical basis vector in Euclidean space. Let 𝑡 be
one instant for which 𝑀∗

𝑟∗ ,𝑡 > 0, which by Assumption 2 we
know exists. We can write 1>M:,𝑡 = 1>𝑈−1𝑈∗M∗

:,𝑡 = 1> (𝐼 −
𝑇)𝑈∗M∗

:,𝑡 = e>𝑟 𝑈∗M∗
:,𝑡 = U∗

𝑟 ,:M∗
:,𝑡 . If 𝑟 = 𝑟∗ then U∗

𝑟∗ ,: = 1>
and thus we can continue U∗

𝑟 ,:M∗
:,𝑡 = 1>M∗

:,𝑡 = 1. If 𝑟 ≠ 𝑟∗,
note that 𝑈∗

𝑟 ,𝑟∗ = 0, and therefore U∗
𝑟 ,:M∗

:,𝑡 = 𝑈∗
𝑟 ,𝑟∗𝑀

∗
𝑟∗ ,𝑡 +∑

𝑣≠𝑟∗ 𝑈
∗
𝑟 ,𝑣𝑀

∗
𝑣,𝑡 ≤

∑
𝑣≠𝑟∗ 𝑀

∗
𝑣,𝑡 = 1 − 𝑀∗

𝑟∗ ,𝑡 < 1. □

Remark 1. The proof of Lemma 1 extends easily to the
case where 1>𝑀∗ = 1>. In particular, keeping the lemma’s
statement mostly unchanged, the following hold: if 𝑈 and 𝑈∗

have unique roots 𝑟 and 𝑟∗ respectively, and 1>𝑀∗ = C>, then
1>𝑀 = C> ⇔ 𝑟 = 𝑟∗; if 𝑈 and 𝑈∗ have unique roots and
1>𝑀∗ ≤ C>, then 1>𝑀 ≤ C>, regardless of whether 𝑟 = 𝑟∗

or 𝑟 ≠ 𝑟∗.

Lemma 1 tells us that, if Assumptions 1 and 2 hold,
when we study how many solutions (𝑈, 𝑀) explain 𝐹∗ in the
scenario where 1>𝑀∗ = 1>, we can avoid enforcing (6) during
inference, and instead enforce (5) together with requiring that
the root of 𝑈 satisfies 𝑟 = 𝑟∗.

Condition (5) can be written as 𝐹∗ ≥ 𝑇𝐹∗, where 𝑇 is the
tree matrix associated with 𝑈 as described in the third point
in Section III-A. This condition was called the sum condition
by [17], where it was rewritten as,

F∗
𝑖,: ≥

∑
𝑗∈𝜕𝑖

F∗
𝑗 ,: ∀𝑖 = 1, . . . , 𝑞, (7)

where 𝜕𝑖 is the set of all children of 𝑖 in 𝑈. Equation (7)
implies that for all 𝑖 and 𝑗 such that 𝑗 ∈ 𝜕𝑖,

F∗
𝑖,: ≥ F∗

𝑗 ,:. (8)

This is a necessary condition that any𝑈 must satisfy to explain
𝐹∗.

Condition (8) admits a graph-theoretic interpretation. As-
sume that 𝐹∗ has no repeated columns. This implies that
there is no sequence of distinct mutations 𝑖1, . . . , 𝑖𝑘 such
that 𝐹𝑖1 ,: ≥ 𝐹𝑖2 ,: ≥ · · · ≥ 𝐹𝑖𝑘 ,: ≥ 𝐹𝑖1 ,:. The directed graph
𝐺𝐹∗ = (𝑉𝐹∗ , 𝐸𝐹∗ ), whose vertices are the mutations and vertex
𝑖 connects to vertex 𝑗 if and only if F∗

𝑖,: ≥ F∗
𝑗 ,: is therefore
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a directed acyclic graph (DAG). Any solution 𝑈 must be a
subgraph of 𝐺𝐹∗ , since it must satisfy (7) and hence also (8).

Since the observed 𝐹∗ can be explained by 𝑈∗, which is a
rooted directed tree on all 𝑞 nodes, the DAG 𝐺𝐹∗ contains the
true tree 𝑈∗ and is therefore weakly connected, i.e., any node
can be reached via the root 𝑟∗ of 𝑈∗. Since 𝐺𝐹∗ is acyclic, 𝑟∗
is the unique node from which all nodes are reachable, and
hence 𝐺𝐹∗ itself has a unique root (source) node. Since any
solution must be a subgraph of 𝐺𝐹∗ and include all 𝑞 nodes,
any solution 𝑈 that explains 𝐹∗ must be a spanning directed
tree of 𝐺𝐹∗ rooted at 𝑟∗. Any spanning tree of 𝐺𝐹∗ is not
automatically a solution, but it is if it also satisfies (7) 1.

The authors of [17] use this fact to upper bound the number
of solutions for a given 𝐹 = 𝐹∗. Any spanning tree of 𝐺𝐹∗

is constructed by choosing, for each node 𝑖 ≠ 𝑟∗, a single
parent among the parents of 𝑖 in 𝐺𝐹∗ . Therefore, the number
of spanning trees of 𝐺𝐹∗ is the product of the in-degrees of
all nodes except 𝑟∗. This gives an upper bound on the number
of solutions, since not all spanning trees of 𝐺𝐹∗ satisfy (7).

The same work [17] also studies, numerically, how 𝑞 and
𝑛 affect the number of solutions, how the software tools
PhyloWGS [6] and CANOPY [33] handle degenerate problems
(i.e. problems with multiple solutions), and proposes several
experimental avenues to reduce degeneracy.

In Section VI we discuss some of these numerical results
for completeness.

The PPM model is not time-aware. For example, permuting
the 𝑛 columns of 𝐹∗ yields the same set of solutions. The
idea of adding time-related constraints to the PPM model is
therefore natural, as it aims to capture real-life scenarios where
samples are collected over time. As a bonus side-effect, these
additional constraints may also reduce degeneracy.

C. Longitudinal conditions
The work of [11] introduces time-related conditions that

couple 𝑀 and 𝑈 beyond equation (4) within the PPM model.
These conditions are intuitive and aim to reduce degeneracy.
1) Each sample 𝑡 gains a temporal meaning where 𝑡 = 1 is

the first sample in time, 𝑡 = 2 is the second sample in
time, etc; the model does not explicitly represent clock
time elapsed between samples, although in many experi-
mental settings the time between consecutive samples is
constant;

2) When a mutant dies, it goes permanently extinct;
3) A mutant cannot be born after its parent dies, or before

its ancestors are born.
Mathematically, the authors in [11] define the birth 𝑡min

𝑣 time
and the death 𝑡max

𝑣 time of the mutants of type 𝑣 as in Definition
1.

Definition 1 (Birth and death time). For any mutant 𝑣 ∈ [𝑞],

𝑡min
𝑣 = min{𝑡 ∈ [𝑛] : 𝐹𝑣,𝑡 > 0}, (9)
𝑡max
𝑣 = min{𝑡 ∈ [𝑛] : 𝑡 ≥ 𝑡min

𝑣 ∧ 𝑀𝑣,𝑡 = 0}. (10)
1It is possible to generalize the discussion to the case where there are

multiple mutants from which all others descend. That is, multiple possible
roots. In that case, 𝐺𝐹∗ contains directed cycles and 𝐹∗ necessarily has
repeated columns.

After these definitions, they require that the following
conditions, called longitudinal conditions, hold.

Definition 2 (Longitudinal conditions (LC)). For any mutants
𝑣, 𝑤 ∈ [𝑞] and sample 𝑡 ∈ [𝑛],

𝑡 ≥ 𝑡max
𝑣 =⇒ 𝑀𝑣,𝑡 = 0, (11)

𝑇𝑣,𝑤 = 1 =⇒ 𝑡min
𝑤 ≤ 𝑡max

𝑣 . (12)

The authors in [11] empirically study the effect of the LC in
Definition 2 in two ways. First, they propose and benchmark a
phylogenetic tool called CALDER that enforces the LC during
inference. They generate simulated data where the underlying
ground-truth ancestry relations are known and mutants evolve,
respecting the LC. They check whether the reconstructed
trees are close to the ground truth or not. They observe that
CALDER outperforms the tools PhyloWGS [6] and CITUP
[3]. Namely, CALDER’s median tree error is 0.269, compared
to 0.297 for PhyloWGS and 0.552 for CITUP. Second, again
on simulated data, they apply a modified Gabow–Myers al-
gorithm [34] to compare the number of solutions of the PPM
model when the LC are, or not, enforced, under the assumption
of error-free sample observations. In their experiments, most
often using the LC yields the same number of solutions as
not using them. Conditioned on cases where the LC reduce
degeneracy, they observe an average reduction in the number
of solutions by about 30% (see Section VI for more details).
One thing that is lacking in [11] is theoretical results regarding
the reduction in degeneracy that the extra constraints on the
PPM model induce.

Note that unless mutants are observed being born or dying,
enforcing the LC cannot reduce the number of possible so-
lutions in any way. Furthermore, accurately computing birth
and death times requires accurately estimating when sequences
become zero or non-zero, which can be challenging when
dealing with noisy data. In these situations, the effect of
the LC on degeneracy might be unclear, or even harmful, if
misestimations end up excluding the correct solution.

The authors in [11] are aware of this problem. In particular,
when there is uncertainty in 𝐹, and unless precautions are
taken, one can easily get numerical solutions where 𝑀 > 0
for all samples, in which case enforcing the LC is not helpful.
The authors address this by relaxing the definition of 0 in
their code. We later show that the efficacy of the LC goes
beyond problems where 𝑀 > 0 for all samples, and that
many instances where the birth and dead times are clearly and
precisely observed, might not benefit, in terms of inference,
from these longitudinal conditions being enforced.

1) Discussion of Definitions 1 and 2: Definitions 1 and
2 have two minor issues. First, the quantities (9) and (10)
might be undefined under the original definition. Second, if
(9)–(12) are not jointly assumed, they do not have the meaning
described in the three items above. Let us discuss each of these
problems in more detail.

The crux of the first problem is that observations are limited
to 𝑡 ∈ [𝑛], but the system might have been evolving before
𝑡 = 1 and might keep evolving after 𝑡 = 𝑛, and certainly
evolves between observation times 𝑡 and 𝑡 + 1.
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This limited window can lead to undefined birth or death
times. Consider a scenario with only two mutants, 𝑣 and 𝑤,
where 𝑣 is the father of 𝑤.

• If M𝑣,: = 1 and M𝑤,: = 0, it means 𝑣 never died during
the observation period, and 𝑤 was never observed being
born or dying during the observation period. In this case,
𝑡min
𝑤 , 𝑡max

𝑤 and 𝑡max
𝑣 are undefined;

• If M𝑣,: = 0 and M𝑤,: = 1, it means 𝑣 was born, produced
𝑤, and became extinct before 𝑡 = 1, and at 𝑡 = 1 only
𝑤 remains alive, dominating the population. In this case,
𝑡max
𝑤 is undefined;

• If M𝑤,: = [0, 0, 1, 1] and M𝑣,: = 0. In this case 𝑡max
𝑤 is

undefined.
Beyond the problem of 𝑡max or 𝑡min not being defined, in

the last two examples we have 𝑡min
𝑣 = 𝑡max

𝑣 (= 1 or = 3,
respectively) despite mutant 𝑣 never being observed. If the
clock time between two consecutive samples is large, this can
perhaps be accepted and attributed to a sampling problem:
mutant 𝑣 was born and died between two samples being taken.
However, mathematically, Definition 1 allows 𝑡min

𝑣 = 𝑡max
𝑣 even

if the time between samples is very small.
Let us set aside limitations coming from the observation

window or discrete sampling, in other words, let us assume
that “existence” and “observation of existence” are one and
the same thing. Regarding the second problem, several issues
arise. For example, the definition of 𝑡min

𝑣 , by itself, is not
equivalent to the first instant when the mutant 𝑣 comes into
existence, but rather to the first instant when either it or any
of its descendants comes into existence. Similarly, 𝑡max

𝑣 alone
is not necessarily equivalent to the first instant when mutant 𝑣
goes extinct, but to the first instant after 𝑡min

𝑣 when mutant 𝑣
is observed to be dead. For example, without assuming (11)–
(12), a child 𝑤 of mutant 𝑣 can be born before 𝑣, and hence
𝑡min
𝑣 can be smaller than the first time when 𝑣 appears in the
population. This also makes 𝑡max

𝑣 = 𝑡min
𝑣 , and hence 𝑡max

𝑣 can be
smaller than the last time when 𝑣 appeared in the population.
Furthermore, some of the conditions described in the three
items above do not follow from the conditions (11)–(12), but
rather from the definitions (9)–(10) themselves. For example,
the fact that a mutant 𝑤 cannot be born before its ancestor
𝑣 is born follows directly from the definition of 𝑡min

𝑣 in (9).
Indeed, assuming both 𝑡min

𝑣 and 𝑡min
𝑤 are defined, the PPM

model requires that 𝐹𝑣,𝑡 ≥ 𝐹𝑤,𝑡 (see equation 7).

IV. RELATED WORK
We already cited prior work that advances theory on the

degeneracy of the PPM model, essentially [17]. Here we
consider models other than the PPM model, i.e. different
evolutionary models, and cite other prior work studying de-
generacy or topics closely related to it. Although these models
differ substantially from the PPM model, the concepts used to
develop and analyze them provide useful context and points
of comparison.

All model specify a stochastic process describing how
mutations accumulate along the edges of an evolutionary
tree. However, different models capture different types of
mutational events, including substitutions, insertions and dele-
tions, or large-scale rearrangements, most of which are not

considered by the PPM model2. Nodes of this tree correspond
to taxa, representing distinct biological groupings such as
species, family, or class. Typically, only taxa at the leaves of
the tree are observed. In the PPM model we do not even have
this, as 𝑈∗ is fully unobserved. From these observations, one
seeks to infer both the parameters of the mutational process
and the underlying tree topology. Inference is commonly
performed via maximum likelihood estimation, and to assess
the uncertainty over trees and parameters Bayesian approaches
are used.

A. Degeneracy related concepts
A sufficient amount of data is required to recover the true

evolutionary parameters, including the true tree, with high
confidence. Several terms related to degeneracy are discussed
in the literature in this context.
• Identifiable: An evolutionary model whose stochastic pro-
cess defines a injective map from the parameters to the
probability distribution of the observed samples. Although
identifiability implies the existence of a set-theoretic inverse
from distributions to parameters, and hence there is no
degeneracy in this set-theoretic sense, such an inverse
need not be measurable or realizable as the limit of any
estimator based on finite, or even an infinite sequence of
samples. Hence, identifiability does not imply that there is
a consistent estimator (see third bullet), and there might
be degeneracy in this sense. These cases however are
pathological, which is not the case for the evolutionary
models used in the literature.

• Generically identifiable: Identifiable except on a set of
parameters of measure zero.

• Consistent: A estimator for which the output parameters,
including the estimated tree, converge (in probability) to
the true parameters, including the true tree, as the number
of samples goes to infinity. For a consistent estimator,
degeneracy disappears as we get more and more observed
data. Non indentifiability implies non consistency of all
estimators.

• Compatible trees: When there is degeneracy, not all trees
are equally bad as alternative explanations of the truth. A
tree 𝑇 ′ is compatible with tree 𝑇 if 𝑇 ′ can be reduced to 𝑇
by merging groups of internal nodes.

• Non-identifiable mixture. A mixture model, such as the PPM
model, where multiple choices of mixture weights and com-
ponent parameters produce the same overall distribution,
for the same fixed number of mixtures. This phenomenon
can occur even when each component model is individually
identifiable.

• Non-identifiable mixture distribution. Stronger concept than
non-identifiable mixtures. A mixture models allows for
fundamentally different mixture representations, possibly
with different numbers of components or entirely different
structures.
Phylogenetic networks generalize trees by allowing reticu-

lation events such as recombination or hybridization. They are
2The PPM model considers only restricted substitutions where a character

mutates at most once along the tree.
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often introduced as alternative generative models that remain
identifiable in settings where tree-based models are not. Net-
works provide a way to resolve or avoid tree-level degeneracy
by expanding the model class rather than attempting to select
among incompatible trees.

B. Other models

We now discuss some well known models.
a) Substitution models: The Cavender-Farris-Neyman

(CFN) model describes the evolution of a fixed-length list of
binary characters via a substitution model defined by a two-
state, time-reversible Markov process. In the CFN, each taxon
(typically a species) is represented by a sequence of observed
binary characters, which model DNA bases. In the CFN model,
each character is either 0 or 1.

The CFN can be used with real data. In this case, real
sequences are first aligned using a multiple sequence alignment
method (MSA) so that for every position, 𝑖, the 𝑖-th character
across all taxa is assumed to have descended from the same
character in the shared ancestor. These aligned positions are
commonly referred to as ”sites.” Afterwards, and in the case
of the CFN, the bases are binarized.

In the CFN, all sites evolve independently of each other and
in the same way, and the evolution, ie., substitutions, happens
along the edges of the tree. Unlike in the PPM model, the same
position can mutate multiple times. The phylogenetic tree is
parameterized by a tree topology and edge parameters, which
are 2 by 2 transition matrices that control the expected number
of substitutions per site along an edge in the tree.

During inference, the interior nodes of the tree correspond
to latent (unobserved) states, or distributions over states, while
the leaf nodes correspond to observations (taxa with observed
character states, eg., the actual data). We encourage the reader
to see [35] for a more comprehensive reference.

The Jukes–Cantor model (JC) [36], uses a simple time-
reversible, continuous-time Markov chain with four states (C,
T, A, G), all of which are handled symmetrically, analogous
to CFN. The Kimura two-parameter model (K2) [37] is a
more accurate model that accounts for two different types
of substitutions: “transitions” and “transversions”. Transitions
are substitutions occurring within what are called “purines” or
‘pyrimidines”, whereas transversions are mutations occurring
between a “purine” and a “pyrimidine”. In K2, transitions
occur with a higher frequency than transversions. The Kimura
three–parameter model (K3) [38] is a model that takes into
account how many hydrogen bonds are changed by certain
mutations.

b) Coalescent models: Coalescent models [39] are some
of the most popular population genetics models. Rather than
stochastically modeling substitutions forward in time, such as
group-based substitution models, coalescent models describe
the evolutionary process by going backwards in time and
finding points at which certain pairs of fragments coalesce
or merge together.

Now that we have discussed some terminology and models,
we are ready to discuss some results.

C. Related results

The problem of non-uniqueness of solutions in the PPM
model [3], [7] and the implications of degeneracy [40] are
widely recognized. [40] shows that non-uniqueness is a
widespread phenomenon in this setting and that degeneracy
is exacerbated by increasing the number of mutations and
counteracted by increasing the number of samples, which
helps reduce degeneracy by revealing the branching structure
of additional mutations. [40] also show that experimental
techniques such as long read sequencing and single cell
sampling can help reduce the size of the solution space, and
in turn, help with degeneracy, although these experimental
techniques do not address the root of the problem, they lead
to a combinatorial reduction in the number of arborescences
in general.

Phylogenetic mixture models are useful for analyzing het-
erogeneous evolution. Prior work [41]–[44], study identifiabil-
ity and consistency under various group-based phylogenetic
substitution models. In particular, [41] shows that the maxi-
mum likelihood tree topology provably differs from the gener-
ating tree topology for several mutation models (JC, K3, CFN,
K2) when two trees from the same generating topology with
arbitrarily small perturbations to the same transition matrix
are mixed and the likelihood is maximized over non-mixture
distributions. For any evolution model whose transition ma-
trices are parameterized by multi-linear polynomials [41] also
proves that one of the following must hold: either (1) there
exists a linear test (a separating hyperplane) that can be used
to identify the topology, or (2) there exists mixtures that are
fundamentally non-identifiable. [41] also shows that the CFN
model has a non-identifiable mixture, the JC and K2 models
have no ambiguous mixtures, and the K3 model has a non-
identifiable mixture distribution.

Other work [42] builds upon previous work characterizing
identifiability [41], [43] by establishing a non-identifiability
an upper bound ℎ0 (𝑞) on the number of mixture components
that can be used for equivariant models to be identifiable. For
the equivariant models JC69, K80, K81, SSM, GMM with 𝑞
taxa, they show that mixtures with less than ℎ0 (𝑞) trees are
identifiable, and those with more are not. They provide upper
bounds that are exponential in the number of taxa for each of
the aforementioned models.

Other prior work studies degeneracy in the context of
coalescent models. Work [45] uses these models to infer a
population size history (i.e. size over time) from the complete
diploid genome sequence of a present day human. For a
single population in the same problem setting, [46] provides a
provable information theoretic lower bound on the number of
samples needed be able to distinguish between two population
histories. In particular, [46] proves a lower bound on the
amount of data needed to infer a single population history
correctly. This bound is exponential in the number of samples
𝑡 . Along a similar line of work, [47] generalizes this analysis
to the multiple subpopulation setting with known coalescence
times. In this setting, they show that the number of samples is
exponential in the number of subpopulations even for recent
history.
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In the simplified multiple subpopulation model, they allow
for subpopulations to split, merge and grow; however, there is
no ”admixture” between subpopulations that are distinct.

An interesting recent paper that studies identifiability in the
network setting is [48]. From a broader discussion of the topic
of phylogenetic networks see [49].

V. MAIN RESULTS

In this section, we present our main results.
Our overarching contribution is to show that a rigorous

treatment of degeneracy under the PPM model is possible.
Unlike prior work, which has focused on specific observations
𝐹 (e.g., [17]), our theorems hold over ensembles of problems.
The key idea is to construct these ensembles so that they are
simultaneously amenable to analytical treatment while still
covering a broad range of realistic problem instances. Our
specific contributions are, first, showing that under perfect
observations and general conditions, imposing the longitudinal
conditions (LC) does not reduce degeneracy; and second,
introducing novel conditions that, also under perfect observa-
tions, do provably reduce degeneracy. The theoretical results
for these new conditions are more restricted, both because
the ensemble of problems considered is more specific and
because the degeneracy analysis is restricted to counting
ancestries 𝑈 ≠ 𝑈∗ that are close to 𝑈∗. We reiterate that
throughout this section we operate under Assumption 1. No
additional assumptions, including Assumption 2, should be
presumed unless explicitly stated or proven to follow from
other assumptions.

Prior to presenting these major contributions, we introduce
two preliminary ones. The first is a refinement of Definition 1
to address the issues discussed in Section III-C1. This refine-
ment is necessary to rigorously prove degeneracy results for
our ensembles of problems without excluding valid problem
instances solely due to undefined birth or death times. The
second is to provide a new representation for the LC, and
prove that our new definitions are equivalent to Definition
2. These reformulations are valuable in themselves, and also
enable a more direct and transparent analysis of degeneracy,
thereby simplifying the subsequent proofs.

1) Birth and death time edge cases: We extend Definition 1
so that 𝑡min

𝑣 and 𝑡max
𝑣 are always well-defined while preserving

their intended interpretation. There is no unique way to achieve
this (see Appendix B).

Definition 3 (Extended birth and death time). For any mutant
𝑣 ∈ [𝑞],

𝑡min
𝑣 = min{𝑡 ∈ [𝑛] : 𝐹𝑣,𝑡 > 0}, (13)
𝑡max
𝑣 = min{𝑡 ∈ [𝑛] : 𝑡 ≥ 𝑡min

𝑣 ∧ 𝑀𝑣,𝑡 = 0}, (14)

and furthermore,
• if 𝑡min

𝑣 is undefined, we set 𝑡min
𝑣 = 1;

• if 𝑡max
𝑣 is undefined, we set 𝑡max

𝑣 = 𝑀1, where 𝑀1 > 𝑛 is
a fixed constant.

For convenience, and specifically to reduce the number of
special cases we need to consider in our proofs, we extend the

LC to exclude solutions in which a mutant is born and dies at
the same observation time.

Definition 4 (Extended longitudinal conditions (ELC)). For
any mutants 𝑣, 𝑤 ∈ [𝑞] and any sample 𝑡 ∈ [𝑛],

𝑡 ≥ 𝑡max
𝑣 =⇒ 𝑀𝑣,𝑡 = 0, (15)

T𝑣,𝑤 = 1 =⇒ 𝑡min
𝑤 ≤ 𝑡max

𝑣 , (16)
𝑡min
𝑣 < 𝑡max

𝑣 . (17)

In Definition 4, birth and death times are defined according
to Definition 3. Our main results are based on Definition 4,
i.e., the Extended Longitudinal Conditions (ELC), rather than
Definition 2.

Under Definition 3, adding the condition 𝑡min
𝑣 < 𝑡max

𝑣 is
equivalent to imposing

M𝑣,: ≠ 0, (18)

as proved in Appendix C (Lemma 8). Consequently, any
solution satisfying the ELC necessarily satisfies M𝑣,: ≠ 0 for
all mutants 𝑣.

In the context of recovering the ground truth 𝑈∗ and 𝑀∗

from an observed 𝐹, with or without assuming that the ELC
hold, our theoretical results will invoke Assumption 2. This
assumption plays a role analogous to the non-zero constraint
above but applies only to the root mutant, thereby avoiding
the need to enforce 1>𝑀 = 1> during inference.

A. Redefinition of birth and death time and of LC
We now propose a new definition of birth and death

times of a mutant 𝑣 that depends explicitly on transitions of
𝑀𝑣,𝑡 between zero and non-zero values. Unlike Definitions
1 and 3, in which computing 𝑡min

𝑣 requires checking whether
𝐹𝑣,𝑡 > 0 and computing 𝑡max

𝑣 depend on 𝑡min
𝑣 , this formulation

makes the dependence on 𝑀 explicit, which is crucial for our
probabilistic analysis of degeneracy. This explicit dependence
simplifies the analysis, because the ensemble of problems
considered later is defined through a probability distribution
over 𝑀 . We then re-express the LC introduced in [11] so that,
together with the new birth and death time definitions, they
retain exactly the same meaning as in [11]. This equivalence
is formalized in Lemma 2.

Definition 5 (New definition for birth and death time). Define

𝑡′min
𝑣 = max{𝑡 ∈ [𝑛] : 𝑀𝑣,𝑡−1 = 0 ∧ 𝑀𝑣,𝑡 > 0}, (19)
𝑡′max
𝑣 = min{𝑡 ∈ [𝑛] : 𝑀𝑣,𝑡−1 > 0 ∧ 𝑀𝑣,𝑡 = 0}, (20)

and extend these definitions with the following special cases:
• if 𝑡′min

𝑣 is undefined, then 𝑡′min
𝑣 = 1;

• if 𝑡′max
𝑣 is undefined, then (i) if 𝑀𝑣,𝑛 = 0, we set 𝑡′max

𝑣 = 1
and (ii) if 𝑀𝑣,𝑛 > 0, we set 𝑡′max

𝑣 = 𝑀1, where 𝑀1 > 𝑛 is
a constant.

Definition 6 (Extended longitudinal conditions expressed us-
ing new birth and death time). For all mutants 𝑣 and 𝑤,

𝑡′min
𝑣 < 𝑡′max

𝑣 , (21)
T𝑣,𝑤 = 1 =⇒ 𝑡′min

𝑤 ∈ [𝑡′min
𝑣 , 𝑡′max

𝑣 ] . (22)
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In Definition 6, birth and death times are defined according
to Definition 5.

Lemma 2. The conditions in Definitions 4 and 6 are equiv-
alent. Furthermore, if these conditions hold, then Definitions
3 and 5 are equivalent, in the sense that 𝑡′min

𝑣 = 𝑡min
𝑣 and

𝑡′max
𝑣 = 𝑡max

𝑣 .

Remark 2. If mutant 𝑣 is never observed, and hence M𝑣,: = 0,
then 𝑡min

𝑣 = 𝑡′min
𝑣 = 𝑡max

𝑣 = 𝑡′max
𝑣 = 1. However, both the ELC

in Definition 4 and our re-expression of them in Definition 6
prevent solutions of this kind. This is a design choice, that we
made to simplify the redefinition of birth and death times and
the ELC, as well as the proof of Lemma 2, which establishes
the equivalence between the new and original definitions. It is
possible to avoid excluding these outcomes, but this requires
detailing, for example, how to interpret M𝑣,: = 0. It could
mean that 𝑣 is not yet born within the observation window,
or that 𝑣 was born and died before any observation was
made, or that 𝑣 was born and died between sampling periods
during the observation window. Such interpretations must be
made in conjunction with what happens to other values of 𝑀 ,
particularly those corresponding to descendants of 𝑣.

Remark 3. According to the ELC, expressed using either
Definition 4 or Definition 6, it is possible that, for example,
between time 𝑡 = 3 and time 𝑡 = 4, a parent mutant 𝑣
transitions from 𝑀𝑣,3 = 1 to 𝑀𝑣,4 = 0, while a child mutant
𝑤 takes over the population, transitioning from 𝑀𝑤,3 = 0 to
𝑀𝑤,4 = 1. In this case, 𝑡max

𝑣 = 𝑡′max
𝑣 = 𝑡min

𝑤 = 𝑡′min
𝑤 . There

is nothing special about 𝑡 = 3 and 𝑡 = 4 in this example.
If observation had instead begun at 𝑡 = 4, then this time
point would correspond to = 1, yielding a situation in which,
M𝑣,: = 0 and M𝑤,: = 1. This outcome, with M𝑣,: = 0, is
excluded by the definition of the ELC.

Remark 4. Lemma 2 and all associated definitions hold even
if 𝑀 does not represent mutant frequencies that sum to 1,
or even if the entries of 𝑀 sum to a value strictly less than
1. Everything remains valid, for example, if 𝑀 represents
absolute counts.

The birth and death times have been redefined in Definition
5 explicitly in terms of 𝑀 . However, the redefinition of the
ELC in Definition 6, although expressed using these redefined
birth and death times, does not yet make its dependence on
𝑀 explicit. We address this issue with Lemma 3 below.

Let L be the set of mutant abundances 𝑀 that satisfy the
ELC (Definition 4 or Definition 6), and have non-negative,
bounded entries. The matrix 𝑀 may represent either mutant
frequencies or absolute mutant counts.

Lemma 3. 𝑀 ∈ L if and only if 𝑀 simultaneously satisfies
𝑀 ≥ 0, (23)
M𝑣,: ≠ 0 ,∀𝑣, (24)

𝑀𝑣,𝑡 = 0 if 𝑀𝑣,𝑡−1 = 0 ∧
𝑡−1∑
𝑘=1

𝑀𝑣,𝑘 > 0 ,∀𝑣, ∀𝑡 ≥ 2, (25)

𝑀𝑣,𝑡 + 𝑀𝑣,𝑡−1 > 0 if 𝑀𝑤,𝑡−1 = 0 ∧ 𝑀𝑤,𝑡 > 0, (26)
∀𝑣, 𝑤 : T𝑣,𝑤 = 1, ∀𝑡 = 1, . . . , 𝑛,

where, for 𝑡 = 1, the last condition should be interpreted as
𝑀𝑣,1 > 0 if 𝑀𝑤,1 > 0.

For a proof, see Appendix E.

B. Degeneracy under the ELC
Our inference problem in this section is to recover 𝑈∗ and

𝑀∗ from the observation 𝐹∗ = 𝑈∗𝑀∗; that is, we assume
noiseless observations and no masking. We study whether
solving this problem while imposing that any recovered 𝑀
must satisfy the ELC reduces the number of alternative so-
lutions, compared to the case where these conditions are not
imposed. Our results are not stated for a single, albeit arbitrary,
instance, but rather for an ensemble of problems described by
a distribution of possible 𝑀∗ and 𝑈∗ pairs. This contrasts with
the procedure described in [17], which bounds the number of
solutions of the vanilla PPM model for one specific problem.

Our ensemble, described in Assumption 3 below, was
chosen because it is a natural and analytically tractable choice
for which the theoretical study of degeneracy is feasible.

We use the notation that, for any multiset S, 𝑀∗
S,𝑡 ≡∑

𝑗∈S 𝑀∗
𝑗 ,𝑡 , where repeated elements are included multiple

times in the sum 3.

Assumption 3. The sequence of observation times 𝑡 is fixed,
finite, and independent of 𝑈∗ and 𝑀∗. Both birth and death
times take values exclusively from this set of observation times.
Conditioned on 𝑈∗, 𝑀∗ is random, non-negative, and satisfies
the ELC with probability one. Furthermore, conditioned on 𝑈∗,
the distribution of 𝑀∗ is such that the probability that the birth
time of a child mutant exactly coincides with the death time of
its parent is zero. In addition, conditioned on 𝑈∗, given any
two disjoint multisets of mutants S1 and S2 (multisets allow
duplicates), where each multiset contains at least one mutant
alive at time 𝑡, the probability that the sum of abundances
(frequencies or counts) of the mutants in these two multisets
(with repeated elements counted repeatedly) is exactly equal
is zero. Mathematically, if P(𝑀∗

S1 ,𝑡
, 𝑀∗

S2 ,𝑡
> 0 | 𝑈∗) > 0, then

P(𝑀∗
S1 ,𝑡

= 𝑀∗
S2 ,𝑡

| 𝑀∗
S1 ,𝑡

, 𝑀∗
S2 ,𝑡

> 0,𝑈∗) = 0.

Note that 𝑀∗
S1 ,𝑡

> 0 means that there exists at least one 𝑗 ∈ S1
such that 𝑀∗

𝑗 ,𝑡 > 0, and the same interpretation applies when
S1 is replaced by S2.

1) Discussion of Assumption 3: The requirement that 𝑀∗

satisfies the ELC arises from the fact that (a) in this paper we
assume that the real systems of interest are those in which the
LC hold by nature, e.g., systems in which a mutant cannot be
born after its parent has died, and (b) we aim to determine
whether imposing the LC reduces the number of non-true
solutions found; therefore, we assume that the true solution
is among those found and is not excluded by imposing the
LC, and (c) we avoid the LC because their are almost equal
to the ELC but the later simplify our proofs.

For example, if we assume that the temporal sampling is
sufficiently fine, and that 𝑀∗ is derived from discrete samples

3This notation is different from M∗
S,𝑡 , with bold M∗, which would represent

a vector with entries 𝑀∗
𝑣,𝑡 , 𝑣 ∈ S, where repeated elements in S create

repeated entries in M∗
S,𝑡 .
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of a continuous process, where birth and death times are
discrete approximations of continuous random variables, the
requirement that the birth and death times of a child and its
corresponding parent do not exactly coincide is very mild,
hence choosing LC or ELC is indifferent.

Since 𝑀∗ satisfies the ELC, and since the constraints
imposed on 𝑀∗ depend on phylogenetic relationships among
mutants, which are encoded in 𝑈∗, the distribution of 𝑀∗

depends on 𝑈∗. This is why all distributional statements are
formulated conditioned on 𝑈∗.

When the number of reads covering a position in the genome
is high, because of instrument random error, and if 𝑀∗ is
a rescaled version of this high number of counts, e.g. a
frequencies, it follows that when a mutant is alive, i.e., at any
time after its birth and before its death, its abundance is well
modeled by an absolutely continuous random variable. Hence,
we assume that the probability of 𝑀 𝑗 ,𝑡 taking any specific
value, conditioned on being non-zero, is zero. The reason for
requiring absolute continuity only when conditioned on 𝑀 𝑗 ,𝑡

being non-zero is that at many time points there exists a non-
zero probability that a mutant is not yet born or is already
extinct, in which case 𝑀 𝑗 ,𝑡 is exactly zero. The last assumption
in Assumption 3 extends this rationale from the distribution
of a single mutant’s abundance to the joint distribution of
abundances of multiple mutants. This assumption requires
conditioning on the presence of at least one mutant in S1 and at
least one mutant in S2 being alive. However, as Lemma 12 in
Appendix F demonstrates, the assumption could equivalently
be stated by conditioning on all mutants in both S1 and S2
being alive.

To be as minimally restrictive as possible, Assumption 3
requires only that the two sums do not coincide. Alternatively,
we could have adopted the more restrictive assumption of
absolute continuity of the joint density of all living mutants.

Theorem 1. Let 𝑛 and 𝑞 be fixed. Consider any joint prob-
ability distribution over 𝑈∗ and 𝑀∗ that satisfies Assumption
3. Define 𝐹∗ = 𝑈∗𝑀∗. The expected number of solutions that
explain 𝐹∗ according to the PPM model is the same whether
or not the ELC are imposed.

Proof of Theorem 1. A solution under the PPM model is
any valid ancestry matrix 𝑈4 for which 𝑀 = 𝑈−1𝐹∗ is
a valid abundance matrix. Let 𝐸1 (𝑈, 𝐹∗) denote the event
that 𝑈 explains 𝐹∗ according to the PPM model, and let
𝑃1 (𝑈,𝑈∗) ≡ P(𝐸1 (𝑈,𝑈∗𝑀∗) | 𝑈∗,𝑈) be the probability that
𝑈 explains the data 𝐹∗ = 𝑈∗𝑀∗, where 𝑈∗ is a fixed ancestry
matrix and 𝑀∗ is random conditioned on 𝑈∗. The expected

4Recall that by Assumption 1, which we assume throughout the paper, 𝑈∗

has a unique root and hence that any alternative explanation𝑈 must also have
a unique root.

number of solutions for a random problem is

E𝑈∗ ,𝑀∗

(∑
𝑈

I(𝐸1 (𝑈, 𝐹∗))
)

=
∑
𝑈

E𝑈∗ (E𝑀∗ |𝑈∗ (I(𝐸1 (𝑈,𝑈∗𝑀∗))))

=
∑
𝑈

E𝑈∗ (P(𝐸1 (𝑈,𝑈∗𝑀∗) | 𝑈∗,𝑈))

=
∑
𝑈

E𝑈∗ (𝑃1 (𝑈,𝑈∗)).

Let 𝐸2 (𝑈, 𝐹∗) be the event that 𝑈 explains 𝐹∗ according to
the PPM model and that the ELC hold, which by Lemma 3
is the same as 𝑀 = 𝑈−1𝐹∗ satisfying conditions(23)-(26). Let
𝑃2 (𝑈,𝑈∗) ≡ P(𝐸2 (𝑈,𝑈∗𝑀∗) | 𝑈∗,𝑈) be the probability that
𝑈 explains the data 𝐹∗ = 𝑈∗𝑀∗ and the ELC hold conditioned
on 𝑈∗, where 𝑈∗ is a fixed ancestry matrix and 𝑀∗ is random.
The expected number of solutions in this case is

E𝑈∗ ,𝑀∗

(∑
𝑈

I(𝐸2 (𝑈, 𝐹∗))
)

=
∑
𝑈

E𝑈∗ (E𝑀∗ |𝑈∗ (I(𝐸2 (𝑈,𝑈∗𝑀∗))))

=
∑
𝑈

E𝑈∗ (P(𝐸2 (𝑈,𝑈∗𝑀∗) | 𝑈∗,𝑈))

=
∑
𝑈

E𝑈∗ (𝑃2 (𝑈,𝑈∗)).

By Theorem 2 below, we have 𝑃1 (𝑈,𝑈∗) = 𝑃2 (𝑈,𝑈∗).
Hence, the expected number of solutions is identical in both
cases. □

Theorem 2. Let 𝑛 and 𝑞 be fixed. Let 𝑈∗ and 𝑈 be fixed an-
cestry matrices with a unique root. Let 𝑀∗ satisfy Assumption
3, and let 𝐹∗ = 𝑈∗𝑀∗. The probability (over 𝑀∗, for fixed
𝑛, 𝑞,𝑈∗ and 𝑈) that 𝑈 explains 𝐹∗ according to the PPM
model is the same whether or not the ELC are enforced.

Remark 5. In Section III-A, we explained that during in-
ference one might enforce the conditions 1>𝑀 = 1>, or
1>𝑀 ≤ 1>. More generally, if 𝑀 encodes for example absolute
counts, we might choose to enforce the conditions 1>𝑀 = C>,
or 1>𝑀 ≤ C>. The proof of Theorem 2 is provided for the case
1>𝑀 = 1>, but it also holds if 1>𝑀 = C>, or 1>𝑀 ≤ C>

are enforced. Indeed, the proof goes as follows. First we
demonstrate that these conditions can be disregarded when
proving a key sufficient equivalence relationship, and then we
complete a calculation that does not involve these conditions.
Regardless of whether 𝑀∗ and 𝑀 satisfy 1>𝑀 ≤ 𝐶> or
1>𝑀 = C>, Lemma 1 continues to hold (cf. Remark 1), and
hence the first step of the proof remains valid. The second
step (proving (28)) also remains valid because it does not
involve any of these conditions. Furthermore, the main step
of the proof of Theorem 1 relies on Theorem 2, and hence it
holds regardless of whether 𝑀∗ and 𝑀 satisfy 1>𝑀 ≤ 𝐶> or
1>𝑀 = C>.

The proof of Theorem 2 is concise but relies on several
auxiliary lemmas, whose statements and proofs appear in
Appendix G. Below, we briefly summarize their results. The
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proof is given for inference with the constraint 1>𝑀 = 1>, but
as noted in Remark 5, it readily extends to other constraints.

• Lemma 13 shows that Assumption 2 holds with proba-
bility one, and hence in the proof we can avoid enforcing
that solutions must satisfy 1>𝑀 = 1>;

• Lemma 15 proves that enforcing 𝑀 ≥ 0 implies (24);
• Lemma 14 proves that enforcing 𝑀 ≥ 0 implies (25);
• Lemma 16 proves that enforcing 𝑀 ≥ 0 implies (26).

Proof of Theorem 2. An ancestry matrix 𝑈 explains 𝐹∗ =
𝑈∗𝑀∗ according to the PPM model if 𝑀 = 𝑈−1𝐹∗ satisfies
𝑀 ≥ 0 and 1>𝑀 = 1>. To enforce the ELC, and by Lemma
3, we must further require that (24)-(26) hold. Therefore, to
complete the proof, we need to show that

P(𝑀 ≥ 0 ∧ 1>𝑀 = 1> | 𝑈∗,𝑈)
= P(𝑀 ≥ 0 ∧ 1>𝑀 = 1> ∧ (24)-(26) hold | 𝑈∗,𝑈), (27)

where 𝑀 is a random variable defined as 𝑀 = 𝑈−1𝐹∗ =
𝑈−1𝑈∗𝑀∗.

Let 𝑟 and 𝑟∗ denote the roots of 𝑈 and 𝑈∗, respectively. By
Lemma 13, which follows almost directly from Assumption 3,
we have that Assumption 2 holds with probability 1. Therefore,

P(𝑀 ≥ 0 ∧ 1>𝑀 = 1> | 𝑈,𝑈∗) =
= P(𝑀 ≥ 0 ∧ 1>𝑀 = 1> ∧ Assumption 2 holds | 𝑈,𝑈∗)
= I(𝑟 = 𝑟∗) P(𝑀 ≥ 0 ∧ Assumption 2 holds | 𝑈,𝑈∗)
= I(𝑟 = 𝑟∗) P(𝑀 ≥ 0 | 𝑈,𝑈∗),

where we used Lemma 1 in the second equality.
Similarly,

P(𝑀 ≥ 0 ∧ 1>𝑀 = 1> ∧ (24)-(26) hold | 𝑈,𝑈∗)
= I(𝑟 = 𝑟∗)P(𝑀 ≥ 0 ∧ (24)-(26) hold | 𝑈,𝑈∗).

Therefore, to show (27), it is sufficient to prove that for 𝑈
and 𝑈∗ such that 𝑟 = 𝑟∗, we have

P(𝑀 ≥ 0 | 𝑈∗,𝑈) = P(𝑀 ≥ 0 ∧ (24)-(26) hold | 𝑈∗,𝑈).
(28)

By Lemmas 15, 14 and 16, we obtain

P(𝑀 ≥ 0 ∧ (24)-(26) are not all satisfied | 𝑈∗,𝑈)
≤ P(𝑀 ≥ 0 ∧ (24) is not satisfied | 𝑈∗,𝑈)
+ P(𝑀 ≥ 0 ∧ (25) is not satisfied | 𝑈∗,𝑈)
+ P(𝑀 ≥ 0 ∧ (26) is not satisfied | 𝑈∗,𝑈)

= 0. (29)

Hence, the proof is complete. □

C. Degeneracy under the DC
We study the effect of imposing DC has on the degeneracy

of the PPM model. Our setting remains the same: we observe
𝐹 = 𝐹∗ = 𝑈∗𝑀∗, and from this, we seek to infer 𝑈∗ and 𝑀∗.

Our DC differ from the LC in Definition 2, introduced by
[11]. Unlike their LC, which involve explicit birth and death
times, our constraints impose limits on the temporal rate of
change of mutant abundance in a population.

In particular, we require that any solution 𝑀 satisfies a
constraint on the quantity

𝑟 (𝑀) ≡ 𝑑 (1,M:,1) +
𝑛∑
𝑡=2

𝑑 (𝑡,M:,𝑡 ,M:,𝑡−1),

where 𝑑 is a given function5. In particular, impose the natural
upper bound 𝑟 (𝑀) ≤ 𝑟 (𝑀∗). Our results focus on the choice

𝑑 (𝑡,M:,𝑡 ,M:,𝑡−1) = ‖M:,𝑡 − M:,𝑡−1‖2,

which implies that 𝑟 (𝑀) = ‖𝑀𝐷‖2, where 𝐷 is the linear op-
erator that computes differences between consecutive columns
of 𝑀 . For brevity, we define ¤𝑀 ≡ 𝑀𝐷 and ¤M𝑖,: ≡ M𝑖,:𝐷.
Similarly, ¤𝑀∗ ≡ 𝑀∗𝐷 and ¤M∗

𝑖,: ≡ M∗
𝑖,:.

To analyze degeneracy under this DC, we count the number
of valid mutant abundance matrices 𝑀 and ancestry matrices
𝑈, where 𝑈 has the same unique root as 𝑈∗, that satisfy

𝑟 (𝑀) ≤ 𝑟 (𝑀∗) ∧ 𝑀 ≥ 0 (30)
⇔ ‖ ¤𝑀 ‖ ≤ ‖ ¤𝑀∗‖ ∧ 𝑀 ≥ 0 (31)
⇔ ‖𝑈−1𝑈∗ ¤𝑀∗‖ ≤ ‖ ¤𝑀∗‖ ∧𝑈−1𝑈∗𝑀∗ ≥ 0. (32)

If Assumption 2 holds, then by Lemma 1 and Remark 1,
restricting attention to ancestry matrices 𝑈 with the same
unique root as 𝑈∗ ensures that our results hold regardless
of any additional constraints imposed during inference. In
particular, the results hold whether we enforce 1>𝑀 = 1>𝑀∗

or 1>𝑀 ≤ 1>𝑀∗, and whether or not the model uses relative
abundances, i.e., whether 1>𝑀∗ = 1>.

The number of solutions to (30) is compared with the
number of solutions to

𝑀 ≥ 0 ⇔ 𝑈−1𝑈∗𝑀∗ ≥ 0, (33)

which represents the degeneracy of the PPM model in the
absence of DC (cf. equation (5) in Section III-B). In this paper,
this comparison is performed while restricting 𝑈 to differ from
𝑈∗ by the displacement of a single leaf, as formalized in
Definition 7. We then study degeneracy for the ensemble of
problems described in Assumption 4.

Definition 7. Let D(𝑈∗) denote the set of all ancestry
matrices 𝑈 that differ from 𝑈∗ by reassigning one leaf of 𝑈∗

to a different parent in 𝑈. Define D+ (𝑈∗) ≡ {𝑈∗} ∪ D(𝑈∗) .

Remark 6. All trees in D(𝑈∗) and D+ (𝑈∗) are directed
rooted trees with the same root as 𝑈∗, since the leaf reas-
signment described in Definition 7 does not alter the root.

Assumption 4. Fix the number of samples 𝑛 and the number of
mutants 𝑞. The ancestry matrix 𝑈∗ is uniformly sampled from
the set of all directed labeled rooted trees with 𝑞 > 2 nodes.
The abundance matrix 𝑀∗ is non-negative, independent of 𝑈∗,
and satisfies the following properties: (a) the probability dis-
tribution of each mutant’s abundance vector M∗

𝑖,: is identical
across all mutants 𝑖, and (b) no mutant is absent with positive
probability, i.e. P(M∗

𝑖,: = 0) = 0.

5This dynamic constraint is a discrete analog of the action integral∫ 𝑛

0 𝐿 (𝑡 , M:,𝑡 ,
dM:,𝑡

d𝑡 )d𝑡 , where 𝐿 is the Lagrangian.
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Remark 7. If this assumption holds, we can assume that
Assumption 2 holds and that, without loss of generality, the
root of 𝑈∗ is 𝑟∗ = 1. By Lemma 1 and Remark 1, this also
implies that we do not need to enforce 1>𝑀 = 1>𝑀∗ or
1>𝑀 ≤ 1>𝑀∗ during inference.

Before we state and prove our main result for this section,
we first present a series of intermediate results, whose proofs
are provided in Appendix H.

Lemma 4. Let 𝑈∗ and 𝑀∗ satisfy Assumption 4. Let 𝐸 and
𝐸 ′ denote the expected number of trees in D+ (𝑈∗) that satisfy
(33) and (32), respectively. We have that

𝐸 = 1 + (𝑞 − 1) (𝑞 − 2)(1 − 1/𝑞)𝑞−2P(M∗
1,: ≤ M∗

2,:), (34)
𝐸 ′ ≤ 1 + (𝑞 − 1)(𝑞 − 2) (1 − 1/𝑞)𝑞−2

× P(( ¤M∗
1,:)

> ( ¤M∗
1,: − 2 ¤M∗

2,:) ≤ 0). (35)

When DC are enforced, the expected number of degenerate
solutions in D(𝑈∗) is reduced by at least the factor

P(M∗
1,: ≤ M∗

2,:)
P(( ¤M∗

1,:)
> ( ¤M∗

1,: − 2 ¤M∗
2,:) ≤ 0)

. (36)

Even if our bound (36) is greater than 1, enforcing (32)
instead of (33) during inference always beings the number of
solutions down. Our intuition is that, under Assumption 4,the
ratio (36) will be small. In particular, we expect that the in-
stantaneous rates of change in abundance for any two mutants
are not strongly correlated, in the sense that ( ¤M∗

1,:)> ¤M∗
2,: is

typically much smaller than ‖ ¤M∗
1,:‖2. Hence, the denominator

of (36) is significantly smaller than its numerator, implying a
substantial reduction in degeneracy.

To obtain a concrete result from Lemma 4, we must specify
a model for M∗. For analytical tractability, we consider a
continuous-time formulation in this section. Although time is
often treated as discrete – since experimental measurements
are typically taken at discrete time points and discrete for-
mulations simplify algorithmic development and inference –
biological processes evolve continuously in time. The PPM
model remains valid under continuous-time.

With this in mind, we introduce Assumption 5 where
mutants evolve in continuous-time. We use M∗

1,: and M∗
2,: to

represent the trajectories of the processes for mutant types 1
and 2 over the time interval [0, 𝑛], where 𝑛 now is a real
positive number that measures the amount of sample data we
have. We denote by 𝑀1,𝑡=0 and 𝑀2,𝑡=0 the initial samples
(we sometimes omit “𝑡 =” for brevity), whereas before, when
operating in discrete time, we used 𝑡 = 1 for the first sample,
𝑡 = 2 for the second sample, and so on.

Assumption 5 is not intended to describe the only or most
realistic biological model, but a reasonable and analytically
tractable choice that allows us to study degeneracy theoreti-
cally.

Assumption 5. Fix the number of samples 𝑛 and mutants 𝑞.
The ancestry matrix 𝑈∗ is uniformly sampled from the set of
all directed labeled rooted trees with 𝑞 > 2 nodes. Define
the stochastic processes M̃𝑖,:, 𝑖 ∈ [𝑞], as independent and
identically distributed Brownian motions, independent of 𝑈∗.

The starting point of each 𝑀̃𝑖,: is 𝑀̃𝑖,𝑡=0. The set of all starting
points are i.i.d. uniformly distributed on [0, 1]. Conditioned
on the starting point, each 𝑀̃𝑖,𝑡 has variance 𝑡. Define each
process M∗

𝑖,: as the distribution of M̃𝑖,:, conditioned on the
event: 𝑀̃𝑖,𝑡 ≥ 0 for all 𝑡 ∈ [0, 𝑛]. Note that under this
assumption 𝑀∗

𝑖,𝑡=0 = 𝑀̃𝑖,𝑡=0 (in distribution), and Assumption
4 holds.

Let us now discuss how Lemma 4 applies under the con-
tinuity assumption in Assumption 5. The probability of the
event M∗

1,: ≤ M∗
2,: (cf. (34)) is now P(𝑀∗

1,𝑡 ≤ 𝑀∗
2,𝑡∀𝑡 ∈ [0, 𝑛]).

The probability of the event ( ¤M∗
1,:)

> ( ¤M∗
1,:−2 ¤M∗

2,:) ≤ 0 is now

lim
𝑁→∞
𝛿=𝑛/𝑁

P
( 𝑁∑
𝑖=1

(𝑀∗
1, 𝛿 (𝑖+1) − 𝑀∗

1, 𝛿𝑖)

× ((𝑀∗
1, 𝛿 (𝑖+1) − 𝑀∗

1, 𝛿𝑖) − 2(𝑀∗
2, 𝛿 (𝑖+1) − 𝑀∗

2, 𝛿𝑖)) ≤ 0
)

= lim
𝑁→∞
𝛿=𝑛/𝑁

P
(
𝑛

1
𝑁

𝑁∑
𝑖=1

𝑀∗
1, 𝛿 (𝑖+1) − 𝑀∗

1, 𝛿𝑖√
𝛿

×
(𝑀∗

1, 𝛿 (𝑖+1) − 𝑀∗
1, 𝛿𝑖√

𝛿
− 2

𝑀∗
2, 𝛿 (𝑖+1) − 𝑀∗

2, 𝛿𝑖√
𝛿

)
≤ 0

)
= lim

𝑁→∞
𝛿=𝑛/𝑁

P
( 1
𝑁

𝑁∑
𝑖=1

𝑍1, 𝛿𝑖
(
𝑍1, 𝛿𝑖 − 2𝑍2, 𝛿𝑖

)
≤ 0

)
, (37)

where 𝑍1,𝑡 =
𝑀∗

1,𝑡+𝛿−𝑀
∗
1,𝑡√

𝛿
, and 𝑍2,𝑡 =

𝑀∗
2,𝑡+𝛿−𝑀

∗
2,𝑡√

𝛿
.

The following results holds, whose proof is in Appendix H.

Lemma 5. If Assumption 5 holds and 𝑛 > 0 then

P(M∗
1,: ≤ M∗

2,:) =
1

36𝑛
+𝑂

(
1
𝑛2

)
. (38)

Remark 8. Lemma 4 and Lemma 5 taken together imply that
the PPM model degeneracy within the solution set D(𝑈∗) is
bounded by 𝑂 (𝑞2/𝑛).
Lemma 6. If Assumption 5 holds and 𝑛 > 0 then

P
((

¤M∗
1,:

)> (
¤M∗

1,: − 2 ¤M∗
2,:

)
≤ 0

)
≡ lim

𝑁→∞
𝛿=𝑛/𝑁

P

(
1
𝑁

𝑁∑
𝑖=1

𝑍1, 𝛿𝑖
(
𝑍1, 𝛿𝑖 − 2𝑍2, 𝛿𝑖

)
≤ 0

)
= 0.

Remark 9. Lemma 6 and Lemma 4 taken together imply that
adding DC to the PPM model eliminates degeneracy within
the solution set D(𝑈∗).
Proof of Lemma 6. Let 𝑋 = 1

𝑁

∑𝑁
𝑖=1 𝑍1, 𝛿𝑖

(
𝑍1, 𝛿𝑖 − 2𝑍2, 𝛿𝑖

)
and 𝑋̃ = 1

𝑁

∑𝑁
𝑖=1 𝑍̃1, 𝛿𝑖

(
𝑍̃1, 𝛿𝑖 − 2𝑍̃2, 𝛿𝑖

)
, where 𝑍𝑖,𝑡 is defined

previously and 𝑍̃𝑖,𝑡 =
𝑀̃𝑖,𝑡+𝛿−𝑀̃𝑖,𝑡√

𝛿
for 𝑖 ∈ {1, 2}.

We have that

P(𝑋 ≤ 0) = E(P(𝑋 ≤ 0 | M∗
:,0))

= E(P( 𝑋̃ ≤ 0 ∧ 𝑀̃ ≥ 0 | M∗
:,0)/P(𝑀̃ ≥ 0 | M∗

:,0))
≤ E(P( 𝑋̃ ≤ 0 | M∗

:,0)/P(𝑀̃ ≥ 0 | M∗
:,0)IM∗

:,0>𝐶
) + P(M∗

:,0 ≤ 𝐶)
= E(P( 𝑋̃ ≤ 0 | M∗

:,0)/P(𝑀̃ ≥ 0 | M∗
:,0)IM∗

:,0>𝐶
) + 𝐶,
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for any 0 ≤ 𝐶 ≤ 1, and where M∗
:,0 > 𝐶 (resp. ≤ 𝐶) means

𝑀∗
𝑖,0 > 𝐶 ∀𝑖 ∈ [𝑞] (resp. ≤ 𝐶).
Conditioned on fixed initial abundances M∗

:,𝑡=0, and for any
finite 𝛿 > 0, the variables 𝑍̃1, 𝛿𝑖 and 𝑍̃2, 𝛿𝑖 are Brownian motion
increments, are independent and identically distributed across
𝑖, and follow N(0, 1). Hence,

E( 𝑋̃) = E
[
𝑍̃1,𝑛

(
𝑍̃1,𝑛 − 2𝑍̃2,𝑛

) ]
= 1

and

V( 𝑋̃) = (1/𝑁2)
𝑁∑
𝑖=1

V
[
𝑍̃1, 𝛿𝑖

(
𝑍̃1, 𝛿𝑖 − 2𝑍̃2, 𝛿𝑖

) ]
= 6/𝑁.

A simple application of Chebyshev’s inequality implies that

P( 𝑋̃ ≤ 0 | M∗
:,0) ≤ 6/𝑁 = 6𝛿/𝑛.

We also have that P(𝑀̃ ≥ 0 | M∗
:,0) = Erf(𝑚0/

√
𝑛), which is

increasing in 𝑚0. This is well known result in the literature
from the distribution of the hitting time of a standard Brownian
on a boundary, see e.g. [50].

Hence P(𝑋 ≤ 0) ≤ 6𝛿/(𝑛Erf(𝐶/√𝑛))+𝐶. Choosing 𝐶 =
√
𝛿

and letting 𝛿 → 0 yields the desired result. □

Using Lemmas 4, 6, and 5, we now prove the following
main result.

Theorem 3. Let 𝑈∗ and 𝑀∗ satisfy Assumption 5. Let 𝐸 and
𝐸 ′ denote the expected number of trees in D+ (𝑈∗) that satisfy
(33) and (32), respectively. For large 𝑛, the ratio of 𝐸 and 𝐸 ′

satisfies
𝐸

𝐸 ′ ≥
1

36𝑒
(𝑞 − 1) (𝑞 − 2)

𝑛
. (39)

Proof of Theorem 3. The expected number of trees in
D+ (𝑈∗) satisfying (32) is bounded by the expected number
of trees in D+ (𝑈∗) that satisfy only the first term in (32). By
equation (35) in Lemma 4 and by Lemma 6 , this expectation
is upper bounded by

1 + (𝑞 − 2)(𝑞 − 1)(1 − 1/𝑞)𝑞−2 × 0 = 1.

Meanwhile, using (34) in Lemma 4, and Lemma 5, the
expected number of trees in D+ (𝑈∗) satisfying (33) is

1 + (𝑞 − 2) (𝑞 − 1)(1 − 1/𝑞)𝑞−2 × (1/(36𝑛) +𝑂 (1/𝑛2)),

which for large 𝑛 is lower bounded by (39). □

VI. NUMERICAL RESULTS

In Theorem 3 we analyze the effect of DC on degeneracy
under the condition of small deviations from the true ances-
try. This contrasts with Theorem 1 which does not impose
such restrictions. In this section, we numerically investigate
degeneracy both with and without these additional constraints,
allowing all possible trees to be considered, and compare the
resulting counts with our theoretical predictions.

A. Prior empirical results on the degeneracy of the PPM
model

Prior work [17] employed a tumor evolution simulator [51]
to generate synthetic data 𝐹∗, observed without noise or
masking, with the goal of counting the number of possible
explanations. In this simulator, 𝑈∗ and 𝑀∗ are jointly gen-
erated, and 𝐹∗ is derived through a process that models the
sequencing procedure. To count solutions, an MCMC rejection
sampling approach is used, which provides uniform sampling
but is exponentially inefficient.

We include these results in Figure 1 for convenience and
completeness. The average number of solutions appears to
decrease sub-exponentially with the number of samples 𝑛
(Figure 1, left) and to increase approximately exponentially
with the number of mutant types 𝑞 (Figure 1, center). However,
due to the heuristic nature of the analysis and the limited
range of parameters explored, the precise rates of decrease
and growth remain uncertain from this analysis.

Prior work [11] examines the effect of the LC on degen-
eracy. It employs the same simulator as [17] but generates
a distinct set of synthetic data. Specifically, the study begins
with 10 distinct 𝑈∗ matrices with sizes ranging from 𝑞 = 4 to
𝑞 = 13. For each 𝑈∗, they vary the number of samples 𝑛 to
be generated from 2 to 9, and for every fixed combination of
𝑛, 𝑞 and 𝑈∗, the authors generate 106 matrices 𝑀∗ and 𝐹∗.
They assume that 𝐹∗ is observed perfectly, without corruption
or masking. This setup yields 8 × 107 random instances. For
each of these instances, the number of solutions, both with
and without the LC, is counted exhaustively using a variation
of [34]. The results show that for all but 423,328 instances,
the LC do not reduce degeneracy; that is, for approximately
99.5% of the problems, imposing the LC makes no difference.
This observation is consistent with our Theorem 1.

The small fraction (0.5%) of instances for which the LC
do affect degeneracy does not contradict our theory, but
rather reflects the fact that the problem generator used in
[11] does not perfectly satisfy Assumption 3. In particular,
the small number of samples (𝑛 ranging from 2 to 9), and
the limited sequencing depth – with the maximum number of
counts appearing to be 200, based on the publicly available
repository cited in [11] – are inconsistent with the rationale
behind Assumption 3 (Section V-B1), which invokes dense
time sampling and deep sequencing.

With few samples and limited counts, it becomes possible
– even if rare – to find, among the 106 mutant abundance
trajectories generated for each tree, cases where either a parent
death coincides exactly with a child birth, or where nonzero
mutant-group abundances align exactly. Finally, note that our
ELC additionally require that no mutant remain always dead,
a constraint not enforced in [11] and potentially violated in
their simulations.

B. New numerical results on the degeneracy of the PPM model
with(out) extra constraints

We conduct an independent brute-force exhaustive enu-
meration of the number of solutions for different random
problems. This independent computation allows us check the
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Fig. 1: Empirical results obtained from [17], reorganized for presentation clarity and convenience. All plots track the (approximate) average
number of solutions under uniform sampling from the solution space of random problems as we vary either the number of samples 𝑛 (left
plot), the number of mutations 𝑞 (center plot), or both (right plot). Each point represents the mean of 10 different random problems, i.e.
random 𝐹∗. Error bars on the first two plots cover the 10-th and 90-th percentiles. On the right-most plot, a color map is used to indicate
the (approximate) average number of solutions changes with both 𝑞 and 𝑛.

reproducibility of previous work and to compensate for some
of its limitations. Namely, the heuristic nature of the counts
in [17] and the fact that [11] only explored 10 different 𝑈∗’s.
More importantly however, it allows us to test the effect of
the DC on degeneracy beyond the assumptions required for
our theory to hold.

We begin by fixing the number of samples to 𝑛 = 10 and
letting the number of mutant types be 𝑞 ∈ {4, . . . , 8}. We
do not use the simulator from [17] but instead generate 100
random 𝑀∗ matrices using a process designed to be consistent
with Assumptions 4 and 5, under which our theoretical results
hold. The details of this process are provided in Appendix I.

Next, we iterate over all possible 𝑈∗, i.e., over the set of
all directed labeled rooted trees on 𝑞 nodes. For each 𝑈∗ we
consider all possible 100 trajectories, 𝑀∗. For every problem
instance (𝑈∗, 𝑀∗), we go over all possible 𝑈 and count how
often (33) holds, as well as how often the different variants of
(32) are satisfied. We then compute, for each 𝑈∗, the average
number of solutions found, and report the average of these
quantities across all 𝑈∗ in Figure 2.

We perform an exact count up to 𝑞 = 8 nodes. This
computation required about 42 hours on a single Intel(R)
Core(TM) i9-14900KS processor, which provides 32 (virtual)
cores. The process is not memory-intensive. For 𝑞 = 8, there
are 86 = 262,144 rooted trees [52], [53], where we take node
1 as the root without loss of generality. The total number of
conditions evaluated to compute this average is

100 × (86)2 ≈ 6.8 × 1012.

For 𝑞 = 9, this number would increase to approximately
2.2 × 1015, and the same computation would require roughly
566 days on the same hardware, which is computationally
prohibitive.

The variants of (32) that we consider are (a) using either the
L1 or L2 norm for ‖ · ‖, and (b) using ¤𝑀 in (32) or replacing it
with 𝑀 , which results in the constraint ‖𝑀 ‖ ≤ ‖𝑀∗‖∧𝑀 ≥ 0.

Solution counts without any DC, i.e., the degeneracy for the
classical PPM model, are labeled “Unconst.”. These counts are
analogous to those reported in [17], but here are obtained using
a different random problem generator and an exact exhaustive
count. We include the results from [17] in Figure 2 (left plot,
green dotted line) to illustrate the difference between an exact
count and an approximate count (albeit for different random
problems).

Let us focus on Figure 2 (left). Comparing the blue dashed
line (“Unconst.”) and the green dotted line from [17], we
see that heuristic counts either underestimate values or can
give ambiguous results when confidence intervals are taken
into account. Comparing the blue dashed line (“Unconst.”)
with either the solid or dashed-dotted orange line (L1 or L2
with ¤𝑀), we see that our DC almost eliminate any ambiguity
(the average number of solutions is ≈ 1). This observation is
consistent with Remark 9. The specific norm used is more or
less irrelevant. The average number of solutions without DC
is 8.41, and it drops to 1.16 with an L1 constraint on ¤𝑀 ,
corresponding to a 7.24× reduction. For an L2 constraint on
¤𝑀 the reduction is 6.88×.
Now we focus on Figure 2 (center). We observe that DC that

penalize the rate of change reduce degeneracy more than those
that penalize the abundances themselves, i.e. constraining ‖ ¤𝑀 ‖
works better than constraining ‖𝑀 ‖.

Finally, we focus on Figure 2 (right). Here we modify the
DC from 𝑟 (𝑀) ≤ 𝑟 (𝑀∗) to 𝑟 (𝑀) ≤ 𝐶 = 𝛾𝑟 (𝑀∗) and see
the effect that choosing 𝛾 ≥ 1 has on degeneracy. We see that
for a DC that penalizes the rate of change, the reduction in
degeneracy is less sensitive to the exact choice of upper bound
𝐶 than for a DC that penalizes the abundances themselves.

In Figure 3 we show the distribution of the number of
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Fig. 2: Average number of solutions versus the number of mutations 𝑞. The average is taken over all possible true 𝑈∗’s, over 100 different
random ground-truth 𝑀∗’s, and over all possible alternative explanations 𝑈 (including 𝑈 = 𝑈∗). (Left plot) Comparison of the average
number of solutions without extra constraints (“Unconst.”) with different variants of the DC (32). (Center plot) Ratio of the average number
of solutions with and without DC the different variants of the DC (32). (Right plot) Effect of relaxing the DC in (32) on the average number
of solutions. Specifically, the condition 𝑟 (𝑀) ≤ 𝑟 (𝑀∗) is replaced by 𝑟 (𝑀) ≤ 𝐶 = 𝛾𝑟 (𝑀∗) for different values of 𝛾.

solutions across all problems for the largest setting we tested,
i.e., 100 × 86 problems for 𝑞 = 8, both with and without
DC. DC reduce degeneracy not only on average, as already
observed in Figure 2, but also substantially shorten the tail of
the distribution of the number of solutions compared to the
unconstrained case.

VII. CONCLUSION AND FUTURE WORK

We have proved that the longitudinal conditions (LC) in-
troduced in [11] are ineffective at reducing degeneracy in the
PPM model, in a perfect-observation setting (POS) and under
some mild technical assumptions. We have also proved that in
a POS, and under more stringent assumptions than for our
first result, a different type of dynamic constraint (DC) is
very effective at reducing degeneracy. We did an exhaustive
numerical enumeration of solutions to extend our claim about
the efficacy of the DC beyond these assumptions, but still in
a POS. Although we are not the first to study the degeneracy
of the PPM, or its degeneracy under the LC, to the best of
our knowledge we are the first to do a theoretical study for
probabilistic ensembles of problems.

We recommend a few directions in which to extend our
results in the future. First, in Assumption 3 the probability
that a parent and child are born at the time could become
some probability 𝑝1 ∈ [0, 1] instead of 0, and the probability
that two sets of disjoints mutants have exactly the same total
abundance could become some probability 𝑝2 ∈ [0, 1] instead
of 0. Afterwards, one could adapt the proof of Theorem 1 such
the difference between the expected number of solutions with
and without the LC would be a function of 𝑝1 and 𝑝2.

Second, and following a similar reasoning, the probabilistic
assumptions in Assumption 4 and 5 could be relaxed such that
there would be a controlled correlation between the evolution
of different mutants, and a controlled correlation between
the evolution of the same mutant over different points in
time. Afterwards, one could adapt the proof of Lemma 4 and
Theorem 3 such that the bound on the expected number of
solutions with and without DC would reflect these changes.
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Fig. 3: Distribution of the number of solutions per problem with and
without a DC on the L2 norm of ¤𝑀 . The total number of problems
is 100 different 𝑀∗ times all possible 86 different ancestries 𝑈∗ for
𝑞 = 8 and 𝑛 = 10.
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Third, our results regarding the effectiveness of the DC are
restricted to alternative ancestry trees that are very similar to
the true tree. Although these trees are the ones that most
likely will confuse existing tools, and hence their study is
very relevant, one could use heavier combinatorial machinery
to investigate what would happen if degeneracy was studied
across all possible trees, both similar and dissimilar to the
ground truth tree.

Finally, one could study how DC and LC compare with the
classical PPM model in a setting where the observations are
corrupted or masked. One could try to study this theoretically,
and/or numerically. For this later goal, one would have to
develop a practical tool that could infer phylogenetic trees for
mutation frequency data under the DC.
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APPENDIX A
INFERENCE UNDER THE PPM MODEL WHEN NOT OBSERVING ALL

THE MUTANTS. DISCUSSED IN SECTION III-A.

We start with the PPM model where all the mutants are
observed and assume, without loss of generality, that there is
only one sample, i.e., 𝑛 = 1. We have 𝐹∗ = 𝑈∗𝑀∗, 1>𝑀∗ = 1>,
and 𝑀∗ ≥ 0, where 𝑈∗ encodes ancestral relationships in the
rooted directed tree 𝑇∗.

Let O be the subset of observed mutants, indexed in an
arbitrary but fixed order, and |O| = 𝑞′ < 𝑞. We observe 𝐹 =
𝐹∗
O and want to infer 𝑈∗

O,O . Note that the submatrix 𝑈∗
O,O

represents ancestral relationships that define a forest, i.e., a
collection of directed rooted trees, where the roots of its trees
correspond to distinct nodes in 𝑇∗.

Let N = [𝑞] − O be the set of non-observed mutants, again
indexed in an arbitrary but fixed order. We can write

𝐹∗
O = 𝑈∗

O,O𝑀
∗
O+𝑈

∗
O,N𝑀∗

N = 𝑈∗
O,O (𝑀

∗
O+(𝑈

∗
O,O)

−1𝑈∗
O,N𝑀∗

N),

where, since 𝑛 = 1, quantities like 𝑀∗
O actually denote 𝑀∗

O,𝑡=1.
These quantities may therefore be represented either using
matrix notation (for a single-column matrix, in non-bold font)
or using vector notation (in bold font).

Define 𝑀̃∗ ≡ 𝑀∗
O + (𝑈∗

O,O)
−1𝑈∗

O,N𝑀∗
N . We will show that:

1) For any 𝑈∗, we have 𝑀̃∗ ≥ 0 and 1>𝑀̃∗ ≤ 1>;
2) If O contains the root of 𝑇∗, then 1>𝑀̃∗ = 1>;
3) When O is not empty and does not contain the root of

𝑇∗, and if we view 𝑀̃∗ as a function of 𝑀∗ (for any fixed
𝑈∗), then the image of

{𝑀 ∈ R𝑞×𝑛 : 1>𝑀 = 1> ∧ 𝑀 ≥ 0}

under the mapping 𝑀̃∗ (·) contains the set

{𝑀̃ ∈ R𝑞′×𝑛 : 𝑀̃ ≥ 0 ∧ 1>𝑀̃ ≤ 1>}.

Because of these facts, given 𝐹 ∈ R𝑞′×𝑛, we should find 𝑈̃ ∈
R𝑞′×𝑞′ and 𝑀̃ ∈ R𝑞′×𝑛 such that 𝐹 = 𝑈̃𝑀̃ , 𝑀̃ ≥ 0, 1>𝑀̃ ≤ 1>,
and 𝑈̃ is a set of rooted directed trees.

Indeed, by the first point we should not enforce anything less
restrictive than what 𝑀̃∗ itself satisfies, which implies 𝑀̃ ≥ 0
and 1>𝑀̃ ≤ 1>. By the second point, we should not enforce
1>𝑀̃ = 1>, since a priori we do not know whether O contains
the root of 𝑇∗. By the third point, we should not enforce any
constraint more restrictive than 𝑀̃ ≥ 0 ∧ 1>𝑀̃ ≤ 1>, because
any such 𝑀̃ can be realized by a valid pair (𝑈∗, 𝑀∗) under
the PPM model with partially observed mutants.

A. Proofs
With a proper re-indexing 𝑈∗

O,O has block diagonal form,
and each block represents the ancestral relationships of a tree
in this forest 6. Let us call the 𝑖-th tree in the forest 𝑇∗ (𝑖) ,
and denote its set of nodes by O (𝑖) . With a slight abuse of
notation, let 𝑇∗ (𝑖) also denote the matrix representation of the
operator that maps each node in the tree 𝑇∗ (𝑖) to its parent7.

6This block diagonal form justifies the existence of (𝑈∗
O,O )

−1.
7Note that 𝑇∗ (𝑖) ≠ 𝑇∗

O (𝑖) ,O (𝑖) . The former matrix always represents a
directed rooted tree, while the latter matrix could be, e.g., an all zero matrix.
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We define 𝑈∗ (𝑖) ≡ 𝑈∗
O (𝑖) ,O (𝑖) and, by point 3 in Section III-A,

we have
(𝑈∗ (𝑖) )−1 = 𝐼 − 𝑇∗ (𝑖) .

Note that (𝑈∗
O,O)

−1 has block diagonal form, with its 𝑖-th block
equal to (𝑈∗ (𝑖) )−1.

1) First, we show that 1>𝑀̃∗ ≤ 1>. Let 𝑈̃∗ ≡ 𝑈∗
O,O . Working

with one block at a time, we see that the vector v> ≡ 1> (𝑈̃∗)−1

is a binary vector with 1’s at the indices corresponding to the
roots of each tree 𝑇∗ (𝑖) , and zeros everywhere else. By the
definition of 𝑇∗ (𝑖) as the diagonal blocks of 𝑈∗

O,O , the root of
each tree lies on a distinct lineage of 𝑇∗. Hence, each node
in N has at most one of these roots as an ancestor in 𝑇∗.
It follows that the vector w> ≡ v>𝑈∗

O,N cannot have entries
larger than 1, and therefore is also a binary vector.

If the root of 𝑇∗ belongs to N , then the vector w> must
contain at least one zero entry. In this case,

1>𝑀̃∗ = 1>𝑀∗
O + 1> (𝑈̃∗)−1𝑈∗

O,N𝑀∗
N

= 1>𝑀∗
O + w>𝑀∗

N
≤ 1>𝑀∗

O + 1>𝑀∗
N = 1>.

If the root of 𝑇∗ belongs to O, then the forest consists of a
single tree whose root coincides with the root of 𝑇∗; denote
this root by 𝑟∗. In this case, v> has exactly one nonzero entry,
equal to 1, at the index corresponding to 𝑟∗. Since every mutant
in N is a descendant of 𝑟∗, we have w = 1 and therefore

1>𝑀̃∗ = 1>𝑀∗
O + 1> (𝑈̃∗)−1𝑈∗

O,N𝑀∗
N

= 1>𝑀∗
O + w>𝑀∗

N
= 1>𝑀∗

O + 1>𝑀∗
N = 1>.

2) Next, we show that 𝑀̃∗ ≥ 0. Since 𝑀∗ ≥ 0, it suffices
to show that (𝑈̃∗)−1𝑈∗

O,N has no negative entries. In fact, it
suffices to show that non-negativity holds for each subset of
nodes O (𝑖) . Mathematically, this means showing that

(𝑈∗ (𝑖) )−1𝑈∗
O (𝑖) ,𝑣

≥ 0

for any 𝑣 ∈ N .
To prove this, first observe that

(𝑈∗ (𝑖) )−1𝑈∗
O (𝑖) ,𝑣

= 𝑈∗
O (𝑖) ,𝑣

− 𝑇∗ (𝑖)𝑈∗
O (𝑖) ,𝑣

.

Second, recall the overloaded meaning of 𝑇∗ (𝑖) : it denotes
both a tree on the nodes O (𝑖) , namely, the 𝑖-th tree in the
forest, and the corresponding matrix operator mapping nodes
to their parents. These two representations uniquely determine
each other. Third, recall the meaning of 𝑈∗

O (𝑖) ,𝑣
: this column

contains a 1 in the rows associated with the set of all the
ancestors of 𝑣 (ancestors in the sense of the hierarchy defined
by 𝑇∗) that are nodes in the tree 𝑇∗ (𝑖) . Overloading notation,
let us identify this set with 𝑈∗

O (𝑖) ,𝑣
. Among the ancestors

in 𝑈∗
O (𝑖) ,𝑣

, all but one of them, namely the root of the tree
𝑇∗ (𝑖) , have their parent also in 𝑈∗

O (𝑖) ,𝑣
. Therefore, 𝑇∗ (𝑖) 𝑈∗

O (𝑖) ,𝑣
equals 𝑈∗

O (𝑖) ,𝑣
except in the entry corresponding to the root of

𝑇∗ (𝑖) , which is 0 in the former but 1 in the latter. Hence,
𝑈∗

O (𝑖) ,𝑣
− 𝑇∗ (𝑖)𝑈∗

O (𝑖) ,𝑣
is a non-negative column.

3) Finally, we prove the third statement on our list. First,
notice that if O is not empty, then we can set 𝑀∗

N = 0, and
simply by varying 𝑀∗

O we can cover

{𝑀̃ ∈ R𝑞′×𝑛 : 𝑀̃ ≥ 0 ∧ 1>𝑀̃ = 1>}.

Second, notice that if the root 𝑟∗ of 𝑇∗ is in N and we choose
𝑀∗ such that 𝑀∗

𝑟∗ ,: = 1 and all the other components are zero,
then 𝑈∗

O,N𝑀∗
N = 0, since no node in O is an ancestor of the

root 𝑟∗ ∈ N . Hence 𝑀̃∗ = 0. Since 𝑀̃∗ (·) is a linear function,
the image of the convex set {𝑀 ∈ R𝑞′×𝑛 : 𝑀 ≥ 0∧1>𝑀 = 1>}
must also be convex. Since this image covers {𝑀̃ ∈ R𝑞′×𝑛 :
𝑀̃ ≥ 0∧1>𝑀̃ = 1>} and also covers the point 0, it must cover
the set {𝑀̃ ∈ R𝑞×𝑛 : 𝑀̃ ≥ 0 ∧ 1>𝑀̃ ≤ 1>}.

APPENDIX B
ALTERNATIVE TO THE REDEFINITION OF BIRTH AND DEATH TIMES

IN SECTION V-1
In Section V-1, we extend the definition of birth and death

time from [11] in order to cover edge cases not addressed
in their original definition. We also add an extra condition to
their longitudinal conditions (LC), requiring that the birth time
be strictly smaller than the death time. These edge cases are
discussed in Section III-C1.

Furthermore, in Section V-A we define new birth and death
times, as well as new LC, and we prove in Lemma 2 that both
our definitions and those of [11] are equivalent.

In this section, we present another possible redefinition for
birth and death times. In particular, we can define 𝑡min

𝑣 and
𝑡max
𝑣 as in (9) and (10), and add that

• if 𝑡min
𝑣 from (9) is undefined, then set 𝑡min

𝑣 = 𝑀1,
• once 𝑡min

𝑣 is defined, if 𝑡max
𝑣 as in (10) (but using this

newly defined 𝑡min
𝑣 ) is undefined, then set 𝑡max

𝑣 = 𝑀2,
where 𝑀1 and 𝑀2 are constants satisfying 𝑀2 > 𝑀1 > 𝑛. This
is different from Definition 3 in the main paper, where we set
𝑀1 = 1 and 𝑀2 > 𝑛.

We define 𝑡′min
𝑣 and 𝑡′max

𝑣 as in (19) and (20) and add that
• if 𝑡′min

𝑣 as in (19) is not defined, then: if 𝑀𝑣,1 > 0 then
𝑡′min
𝑣 = 1, and if 𝑀𝑣,1 = 0 then 𝑡′min

𝑣 = 𝑀1;
• if 𝑡′max

𝑣 as in (20) is not defined, then 𝑡′max
𝑣 = 𝑀2;

where 𝑀2 > 𝑀1 > 𝑛 are the same constants as in the above
paragraph.

Lemma 2 also holds if it uses these new definitions, which
we restate here as Lemma 7.

Lemma 7. Define 𝑡′min
𝑣 and 𝑡′max

𝑣 as in (19) and (20) but
extended according to Appendix B. Define 𝑡min

𝑣 and 𝑡max
𝑣 as in

(9) and (10) but extended according to Appendix B. The ELC
in Definition 4 are equivalent to the ELC in Definition 6 and
if they hold, then 𝑡′min

𝑣 = 𝑡min
𝑣 and 𝑡′max

𝑣 = 𝑡max
𝑣 .

We omit the proof of Lemma 7, as it is very similar to the
proof of Lemma 2.

Remark 10. The equivalence between 𝑡min
𝑣 < 𝑡max

𝑣 in (17) and
M𝑣 ≠ 0 in (18), which is proved in Lemma 8 in Appendix
C, does not hold if we use the definitions in Appendix B, and
hence the ELC no longer exclude scenarios where a mutant is
observed dead throughout the observation window, i.e. M𝑣 =
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0. For example, if we have two mutants 𝑣 and 𝑤, and 𝑤 is a
child of 𝑣, then the ELC in Definition 4 using the redefined 𝑡min

𝑣

and 𝑡max
𝑣 in Appendix B exclude the situation where M𝑣,: = 0

and M𝑤,: = 1, but they do not exclude the situation where
M𝑣,: = 1 and M𝑤,: = 0.

In the first situation, 𝑡′min
𝑤 = 𝑡min

𝑤 = 𝑡min
𝑣 = 𝑡max

𝑣 = 1, 𝑡′max
𝑤 =

𝑡max
𝑤 = 𝑡′max

𝑣 = 𝑀2, and 𝑡′min
𝑣 = 𝑀1. The ELC in Definition

4 do not hold because (17) does not hold (i.e., 1 = 𝑡min
𝑣 ≮

𝑡max
𝑣 = 1) and the ELC in Definition 6 do not hold because
(22) does not hold (i.e., 1 = 𝑡′min

𝑤 ∉ [𝑡′min
𝑣 , 𝑡′max

𝑣 ] = [𝑀1, 𝑀2]).
In the second situation, 𝑡′min

𝑣 = 𝑡min
𝑣 = 1, 𝑡′min

𝑤 = 𝑡min
𝑤 = 𝑀1,

and 𝑡′max
𝑣 = 𝑡max

𝑣 = 𝑡′max
𝑤 = 𝑡max

𝑤 = 𝑀2. Both the ELC in
Definitions 4 and 6 hold. In this case, the interpretation of
M𝑣,: = 1 and M𝑤,: = 0 is that mutant 𝑣 was born before the
observation window started, while mutant 𝑤 is born only after
the observation window.

Contrarily, we exclude both situations by either using Def-
inition 3 and the ELC in Definition 4 , or Definition 5 and
the ELC in Definition 6. In this case, for the first situation
𝑡min
𝑣 = 𝑡′min

𝑣 = 𝑡max
𝑣 = 𝑡′max

𝑣 = 𝑡min
𝑤 = 𝑡′min

𝑤 = 1 and
𝑡max
𝑤 = 𝑡′max

𝑤 = 𝑀1. This case is excluded because (17)
and (21) are violated by mutant 𝑣. For the second situation
𝑡min
𝑤 = 𝑡′min

𝑤 = 𝑡max
𝑤 = 𝑡′max

𝑤 = 𝑡min
𝑣 = 𝑡′min

𝑣 = 1 and
𝑡max
𝑣 = 𝑡′max

𝑣 = 𝑀1. This case is excluded because (17) and
(21) are violated by mutant 𝑤.

APPENDIX C
EQUIVALENCE BETWEEN EXTENDED LONGITUDINAL CONDITIONS

USING EITHER (18) OR (17)

Lemma 8. If we use Definition 3 for birth and death times,
then condition (18) holds if and only if condition (17) holds.

Proof. If (18) does not hold, then M𝑣,: = 0 and hence, by
their definitions 𝑡min

𝑣 = 𝑡max
𝑣 = 1, and so (17) does not hold.

If (17) does not hold, then we consider all possible scenarios
in which 𝑡min

𝑣 = 𝑡max
𝑣 . If 𝑡min

𝑣 and 𝑡max
𝑣 are both well defined

without needing to use their extended definitions, then 𝑡min
𝑣 =

𝑡max
𝑣 simultaneously requires 𝑀𝑣,𝑡min

𝑣
> 0 and 𝑀𝑣,𝑡min

𝑣
= 0,

which is not possible. If 𝑡max
𝑣 is well defined without needing to

use its extended definitions but 𝑡min
𝑣 requires its extended defi-

nition, then it must be that 𝑡min
𝑣 = 1 and M𝑣,: = 0. If 𝑡min

𝑣 is well
defined without needing to use its extended definition but 𝑡max

𝑣

requires its extended definition, then 𝑡max
𝑣 = 𝑀1 > 𝑛 ≥ 𝑡min

𝑣 ,
which contradicts the assumption that 𝑡min

𝑣 = 𝑡max
𝑣 .

Finally, where defining both 𝑡min
𝑣 and 𝑡max

𝑣 requires their
extended definitions, then we have 𝑡min

𝑣 = 1 < 𝑡max
𝑣 = 𝑀1.

This contradicts the assumption that 𝑡min
𝑣 = 𝑡max

𝑣 , and therefore
this case cannot occur. This completes the proof. □

APPENDIX D
PROOF OF LEMMA 2

Throughout this proof, we say that 𝑡′min
𝑣 (resp. 𝑡′max

𝑣 , 𝑡min
𝑣 or

𝑡max
𝑣 ) follows an exception if, in order to define it, we need
to resort to the special cases in its definition, i.e., we cannot
directly apply (9) (resp. (10), (19) or (20)).

We prove Lemma 2 by proving Lemmas 9 and 10 below.

Lemma 9. If conditions (11) and (21) hold, then for any
mutant 𝑣, 𝑡′min

𝑣 = 𝑡min
𝑣 and 𝑡′max

𝑣 = 𝑡max
𝑣 .

Proof.

Proof that 𝑡min
𝑣 ≤ 𝑡′min

𝑣 : We consider three cases. If neither
quantity follows an exception, and since for any 𝑣, 𝑡 we have
𝑀𝑣,𝑡 > 0 =⇒ 𝐹𝑣,𝑡 > 0 (cf. equation (3)), it follows
directly from their definitions that 𝑡min

𝑣 ≤ 𝑡′min
𝑣 . If 𝑡′min

𝑣 follows
an exception but 𝑡min

𝑣 does not, then the exception cannot
be because 𝑀𝑣,𝑡 = 0 ∀𝑡 (otherwise 𝑡min

𝑣 would also follow
an exception), and therefore it must be that 𝑀𝑣,1 > 0 and
𝑡′min
𝑣 = 𝑡min

𝑣 = 1. Finally, if 𝑡min
𝑣 follows an exception, then

𝑀𝑣,𝑡 = 0 ∀𝑡, and hence 𝑡′min
𝑣 also follows an exception. This

implies that 𝑡′min
𝑣 = 𝑡min

𝑣 = 1.
Proof that 𝑡min

𝑣 ≥ 𝑡′min
𝑣 : Assume, for the sake of contradic-

tion, that there exists a mutant 𝑣 such that 𝑡min
𝑣 < 𝑡′min

𝑣 . We
consider the following two possible cases.
If 𝑡min

𝑣 follows an exception, then we must have 𝐹𝑣,𝑡 = 0 ∀𝑡,
which implies 𝑀𝑣,𝑡 = 0 ∀𝑡, and consequently 𝑡min

𝑣 = 𝑡′min
𝑣 = 1,

a contradiction.
If 𝑡min

𝑣 does not follow an exception, then 1 ≤ 𝑡min
𝑣 , and together

with our assumption we obtain 1 ≤ 𝑡min
𝑣 < 𝑡′min

𝑣 , which implies
that 𝑡′min

𝑣 cannot follow an exception (otherwise it would be
equal to 1). Furthermore, if 𝑀𝑣,𝑡min

𝑣
= 0, then 𝑡max

𝑣 = 𝑡min
𝑣 ,

which by (11), implies that 𝑀𝑣,𝑡 ′min
𝑣

= 0, contradicting the
definition of 𝑡′min

𝑣 . Therefore, 𝑀𝑣,𝑡min
𝑣

> 0, and there exists
𝑡 ∈ (𝑡min

𝑣 , 𝑡′min
𝑣 ) such that 𝑀𝑣,𝑡 = 0. Since 𝑀𝑣,𝑡 transitions

from a positive value to zero somewhere between 𝑡min
𝑣 and

𝑡, and since 𝑡′max
𝑣 is the earliest time when such a transition

occurs, we have 𝑡′max
𝑣 ≤ 𝑡 < 𝑡′min

𝑣 , which contradicts (21).
Proof that 𝑡max

𝑣 ≤ 𝑡′max
𝑣 : If 𝑡′max

𝑣 follows an exception, then
either 𝑡′max

𝑣 = 𝑀1, in which case 𝑡max
𝑣 ≤ 𝑡′max

𝑣 , or 𝑀𝑣,𝑡 = 0 ∀𝑡,
which implies 𝑡′min

𝑣 = 𝑡′max
𝑣 = 1, contradicting (21). If 𝑡′max

𝑣

does not follow an exception, then, since we already proved
that 𝑡min

𝑣 ≤ 𝑡′min
𝑣 , it follows from (21) that 𝑡min

𝑣 ≤ 𝑡′min
𝑣 < 𝑡′max

𝑣 .
Since 𝑀𝑣,𝑡 ′max

𝑣
= 0, the definition of 𝑡max

𝑣 implies that 𝑡max
𝑣 ≤

𝑡′max
𝑣 .

Proof that 𝑡max
𝑣 ≥ 𝑡′max

𝑣 : Assume, for the sake of contra-
diction, that there exists a mutant 𝑣 such that 𝑡max

𝑣 < 𝑡′max
𝑣 .

It cannot be that 𝑡max
𝑣 follows an exception; otherwise, 𝑡max

𝑣 =
𝑀1 < 𝑡′max

𝑣 , which is impossible. It also cannot be that 𝑡′max
𝑣

follows an exception. Suppose otherwise; we show that each
of the following cases leads to a contradiction:
(a) If 𝑀𝑣,𝑡 = 0 for all 𝑡, then 𝑡′min

𝑣 = 𝑡′max
𝑣 = 1, contradicting

(21).
(b) If 𝑀𝑣,𝑡 > 0 for all 𝑡, then 𝑡max

𝑣 = 𝑡′max
𝑣 = 𝑀1, contradicting

the assumption that 𝑡max
𝑣 < 𝑡′max

𝑣 .
(c) Otherwise, 𝑀𝑣,𝑡 is neither identically zero nor strictly
positive for all 𝑡. If 𝑡′max

𝑣 follows an exception, then 𝑀𝑣,1
cannot be zero; because if 𝑡′max

𝑣 follows an exception, then
𝑀𝑣,𝑡 can never return to zero within the observation window,
implying that 𝑀𝑣,𝑡 is not always zero, which contradicts the
definition of the exception. Thus, 𝑀𝑣,𝑡 must start at zero and
at some point become non-zero and remain non-zero for the
remainder of the observation window. But this implies that
𝑡max
𝑣 follows an exception, which we have already ruled out.
Since we now know that 𝑡′max

𝑣 does not follow an exception,
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it follows that 𝑀𝑣,𝑡 ′max
𝑣 −1 > 0. At the same time, since

by assumption 𝑡′max
𝑣 − 1 ≥ 𝑡max

𝑣 , it follows from (11) that
𝑀𝑣,𝑡 ′max

𝑣 −1 = 0, which is a contradiction. □

Lemma 10. Conditions (12), (11) and (17) imply (21) and
(22), and vice versa.

Proof.

Proof that (11) and (17) imply (21): We proceed by con-
tradiction. Assume that (11) and (17) hold, but that condition
(21) does not hold; that is, for some mutant 𝑣, 𝑡′min

𝑣 ≥ 𝑡′max
𝑣 .

We consider the following two possible situations.
In the first situation, we assume that neither 𝑡′min

𝑣 nor 𝑡′max
𝑣

follows an exception. By definition of 𝑡′max
𝑣 , 𝑡′max

𝑣 is the earliest
time at which 𝑀𝑣,𝑡 drops from non-zero to zero; hence 𝑀𝑣,𝑡 >
0 for all 𝑡 < 𝑡′max

𝑣 . This implies 𝑡min
𝑣 < 𝑡′max

𝑣 ≤ 𝑡max
𝑣 < 𝑡′min

𝑣 .
Note that the inequality 𝑡max

𝑣 < 𝑡′min
𝑣 holds because 𝑀𝑣,𝑡 ′min

𝑣 −1 =
0, and 𝑡max

𝑣 is defined as the earliest time at or after 𝑡min
𝑣 at

which 𝑀𝑣,𝑡 = 0. Condition (11) then implies that 𝑀𝑣,𝑡 ′min
𝑣

= 0,
which contradicts the fact that, since 𝑡′min

𝑣 does not follow an
exception, 𝑀𝑣,𝑡 ′min

𝑣
> 0.

Now assume that either 𝑡′min
𝑣 or 𝑡′max

𝑣 follows an exception.
The following four cases exhaust all possibilities.
Case 1: Both 𝑡′min

𝑣 and 𝑡′max
𝑣 follow an exception and 𝑀𝑣,𝑡 =

0 ∀𝑡. Then 𝑡min
𝑣 = 𝑡max

𝑣 = 1, which contradicts (17).
Case 2: Both 𝑡′min

𝑣 and 𝑡′max
𝑣 follow an exception and 𝑀𝑣,𝑡 >

0 ∀𝑡. Then 𝑡′max
𝑣 = 𝑀1 and 𝑡′min

𝑣 = 1 < 𝑡′max
𝑣 , contradicting

the assumption that 𝑡′min
𝑣 ≥ 𝑡′max

𝑣 .
Case 3: Only 𝑡′min

𝑣 follows an exception. Then, 𝑀𝑣,1 > 0 and
𝑀𝑣,𝑡 drops to zero for the first time at some time 𝑡′ with
1 < 𝑡′ < 𝑛. Since 𝑡′min

𝑣 follows an exception, 𝑀𝑣,𝑡 is never
observed to transition from zero to non-zero and hence remains
zero for all 𝑡 ≤ 𝑡′. This implies that 𝑡′max

𝑣 = 𝑡′, and since
𝑡′min
𝑣 follows an exception, 𝑡′min

𝑣 = 1. Hence 𝑡′min
𝑣 < 𝑡′max

𝑣 , a
contradiction.
Case 4: Only 𝑡′max

𝑣 follows an exception. Then 𝑀𝑣,𝑛 > 0, and
𝑀𝑣,𝑡 transitions from zero to a positive value latest at some
time 𝑡′ with 1 ≤ 𝑡′ < 𝑛. The fact that 𝑡′ is the latest such time
implies that 𝑀𝑣,𝑡 > 0 for all 𝑡 ≥ 𝑡′. Furthermore, since 𝑡′max

𝑣

follows an exception, 𝑀𝑣,𝑡 is never observed to transition from
non-zero to zero and hence remains non-zero for all 𝑡 < 𝑡′. This
implies that 𝑡′max

𝑣 = 𝑀1 and 𝑡′min
𝑣 = 𝑡′ < 𝑛 < 𝑀1 = 𝑡′max

𝑣 , a
contradiction.

Proof that (11), (12), and (17) imply (22): Assume that (11),
(12), and (17) hold. By definition of 𝑡min

𝑣 , if T𝑣,𝑤 = 1 then
𝑡min
𝑤 ≥ 𝑡min

𝑣 . Therefore, (12) implies that 𝑡min
𝑤 ∈ [𝑡min

𝑣 , 𝑡max
𝑣 ].

We have already proved that (11) and (17) imply (21), and
hence (21) holds. Lemma 9 now implies that 𝑡′max

𝑣 = 𝑡max
𝑣 and

𝑡′min
𝑣 = 𝑡min

𝑣 . It therefore follows that 𝑡′min
𝑤 ∈ [𝑡′min

𝑣 , 𝑡′max
𝑣 ], that

is, (22) holds.
Proof that (21) implies (11) and (17):

Assume that either 𝑡′min
𝑣 or 𝑡′max

𝑣 follows an exception. In this
case, there are only three possible scenarios for the values that
M𝑣,: can take: being always non-zero (𝑡min

𝑣 = 1; 𝑡max
𝑣 = 𝑀1),

going from zero to non-zero during the observation window
and remaining non-zero until 𝑛 (𝑡min

𝑣 > 1; 𝑡max
𝑣 = 𝑀1), and

going from non-zero to zero during the observation window

and remaining zero until 𝑛 (𝑡min
𝑣 = 1; 𝑡max

𝑣 ≤ 𝑛). The scenario
where M𝑣,: is always zero is excluded by the assumption that
(21) holds. In each of these scenarios, (11) and (17) hold.
Now assume that neither 𝑡′min

𝑣 nor 𝑡′max
𝑣 follows an exception.

If (21) holds, then 𝑀𝑣,𝑡 starts at zero, becomes positive and,
before 𝑛, goes back permanently to zero. This implies that
𝑡min
𝑣 ≤ 𝑡′min

𝑣 < 𝑡′max
𝑣 ≤ 𝑡max

𝑣 , which in turn implies that (11)
and (17) hold.

Proof that (21) and (22) imply (12): If (21) holds, then (11)
holds. Lemma 9 then implies that 𝑡′max

𝑣 = 𝑡max
𝑣 and 𝑡′min

𝑣 = 𝑡min
𝑣 .

If (22) also holds, then 𝑡′max
𝑣 = 𝑡max

𝑣 and 𝑡′min
𝑣 = 𝑡min

𝑣 , and hence
(12) holds. □

APPENDIX E
PROOF OF LEMMA 3

Proof. Below we use the terms “a mutant is born” and “a
mutant dies” to mean that 𝑀𝑣,𝑡 goes from zero to non-zero,
or from non-zero to zero, respectively. These terms do not
imply or assume that a mutant can only be born or die once;
this is only true if the extended longitudinal conditions hold.
The purpose of the proof is precisely to show that (23)–(26)
are equivalent to the extended longitudinal conditions holding.
Below, all death times and birth times are defined according
to Definition 5. Below we assume that all observations and
statements about 𝑀 are made for 𝑡 between 1 and 𝑛. To make
this point more clear, sometimes we will, for example, write
“M𝑣,: is observed to be zero at some point” instead of just
“M𝑣,: is zero at some point”, to emphasize that “observed”
refers to 𝑡 between 1 and 𝑛. We write “mutant (type) 𝑣 is zero
(resp. non-zero) at 𝑡” to mean that 𝑀𝑣,𝑡 = 0 (resp. > 0).

Throughout the proof of Lemma 3, when we assume that
(23) holds, i.e. 𝑀 ≥ 0, this implies that if 𝑀𝑖,𝑡 is not positive,
then it must be zero, and vice versa.

If 𝑀 ∈ L, then by definition of L, 𝑀 ≥ 0, and (23) holds.
Hence, all that remains to prove is that (23)–(26) imply (21)–
(22), and that (21)–(22) imply (24)–(26). We prove this in
steps.

We will use Lemma 11, which we prove first, and which
states that, when proving that (23)–(26) imply (21)–(22), we
can assume that (40) is true.

Lemma 11. Equations (23)–(26) imply that

𝑀𝑤,𝑡 = 0 if
𝑡∑

𝑘=1
𝑀𝑣,𝑘 = 0, ∀𝑣, 𝑤 : T𝑣,𝑤 = 1, ∀𝑡 = 1, . . . , 𝑛,

(40)

Proof. Assume by contradiction that equations (23)–(26) hold
and that there exists 𝑡 ≥ 1 and a mutant 𝑣 with child 𝑤 such
that 𝑀𝑣,𝑘 = 0 for all 1 ≤ 𝑘 ≤ 𝑡 and 𝑀𝑤,𝑡 > 0.

By equation (24), we know that M𝑤,: ≠ 0 and hence, using
(23), there exists a first instant 𝑡′, where 1 ≤ 𝑡′ < 𝑡 ≤ 𝑛,
such that M𝑤,𝑡 ′ > 0. If 𝑡′ > 1, then 𝑀𝑤,𝑡 ′−1 = 0 and since
𝑀𝑤,𝑡 ′ > 0, equation (26) implies that either 𝑀𝑣,𝑡 ′−1 or 𝑀𝑣,𝑡 ′

is non-zero, which contradicts the fact that 𝑀𝑣,𝑘 = 0 for all
1 ≤ 𝑘 ≤ 𝑡, including at 𝑡′ and 𝑡′ − 1. If 𝑡′ = 1, then 𝑀𝑤,1 > 0,
and (26) implies that 𝑀𝑣,1 > 0, which again contradicts the
fact that 𝑀𝑣,𝑘 = 0 for all 1 ≤ 𝑘 ≤ 𝑡, including at 𝑡′ = 1. □
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Proof that (23), (24), and (25) imply (21):
Expression (25) represents multiple conditions, one for each 𝑡
and 𝑣. Each condition from (25), for a fixed 𝑣 and fixed 𝑡 ≥ 2,
means that if 𝑣 is alive sometime before and including 𝑡 − 1
but is dead at time 𝑡 − 1, then it must be dead at time 𝑡. By
induction on time for a fixed 𝑣, (25) means that either (a) 𝑣
is never observed being born, i.e. 𝑣 is always dead or always
alive, or (b) if 𝑣 is observed being born sometime between
𝑡 = 1 and 𝑡 = 𝑛, then after its birth, if it dies, it dies forever.
In other words, if it is observed being born, it is only born
once.

The case where 𝑣 is always dead is excluded by the assump-
tion that (24) holds, so either (b) holds or (c) 𝑣 is always alive.
Note that (b) is an if statement. It is possible that a mutant is
never observed being born and is never always zero, if it is
always non-zero during the observation window, in which case
(25) also holds. We will prove that (b) and (c) imply (21). We
consider all possible scenarios for M𝑣,: compatible with (b) or
(c) and show that (21) holds in all of them. These scenarios
are the following: either M𝑣,: is observed always positive; or it
starts positive and is observed going to zero and remains zero;
or it starts at zero and is observed becoming positive at some
point and remains positive; or it starts at zero and is observed
becoming positive at some point and then goes back to zero
at some point.

In scenario 1, 𝑡′min
𝑣 = 1 < 𝑀1 = 𝑡′max

𝑣 . In scenario 2, 𝑡′min
𝑣 =

1 and 1 < 𝑡′max
𝑣 ≤ 𝑛. In scenario 3, 1 < 𝑡′min

𝑣 < 𝑡′max
𝑣 = 𝑀1. In

scenario 4, 1 < 𝑡′min
𝑣 < 𝑡′max

𝑣 ≤ 𝑛.
Proof that (21) implies (24) and (25):

If M𝑣,: is always zero then 𝑡′min
𝑣 = 𝑡′max

𝑣 = 1, which violates
(21). Hence (21) implies (24).

If M𝑣,: is not always zero, we cannot have a zero between
two non-zero instants during the observation window; other-
wise, since the definition of 𝑡′min

𝑣 involves a max, this would
lead to 𝑡′min

𝑣 > 𝑡′max
𝑣 , violating (21). Therefore, if M𝑣,: ever

becomes zero after being non-zero, it must remain zero, which
implies that (25) holds.

Proof that (23), (24), (25), and (40) imply 𝑡′min
𝑤 ≥ 𝑡′min

𝑣 , i.e.
the lower bound in (22):
We have already proved above that (24) and (25) imply that
if a mutant is observed to be born, then it is born only once.
Expression (40) represents multiple conditions, one for each 𝑡
and 𝑣. Each condition from (40) for a fixed 𝑣, 𝑤 and 𝑡, states
that if mutant 𝑣 is not observed to exist before or at time 𝑡,
then its child 𝑤 must not exist at time 𝑡. By induction on time,
this implies that 𝑤 cannot exist before 𝑣 is observed to exist.

We now consider all possible scenarios for M𝑣,: and M𝑤,:
that are compatible with 𝑣 and 𝑤 being observed to be born
at most once and with neither being always zero, and show
that in these scenarios either (40) does not hold, or, if (40)
holds, then 𝑡′min

𝑤 ≥ 𝑡′min
𝑣 . These scenarios are: both 𝑣 and 𝑤

are always non-zero; mutant 𝑣 is always non-zero and 𝑤 is
observed being born; mutant 𝑤 is always non-zero and 𝑣 is
observed being born; both 𝑣 and 𝑤 are observed being born.
Note that without assuming (24) and (25), it could be that 𝑣
is observed being born multiple times, and the fact that 𝑡′min

𝑣

is defined using a max would allow both (40) to hold and
𝑡′min
𝑤 < 𝑡′min

𝑣 .

In scenario 1, 𝑡′min
𝑣 = 𝑡′min

𝑤 = 1. In scenario 2, 𝑡′min
𝑣 = 1 <

𝑡′min
𝑤 . In scenario 3, 𝑤 is observed to exist at a time when 𝑣
does not exist, which violates (40). In scenario 4, if (40) holds,
then 𝑤 cannot be born before 𝑣, otherwise, since both 𝑣 and 𝑤
are born only once, this would mean 𝑣 is still zero when 𝑤 is
non-zero, contradicting (40). Therefore, 𝑤 becomes non-zero
no sooner than 𝑣 becomes non-zero, and thus 𝑡′min

𝑤 ≥ 𝑡′min
𝑣 .

Proof that (23), (24), (25), (26) and (40) imply 𝑡′min
𝑤 ≤ 𝑡′max

𝑣

(i.e., the upper bound in (22)):
We have already proved above that (24) and (25) imply that
no mutant is observed to be always zero and that if a mutant
is observed to be born, it does so only once. Conditions (24)
and (25) also imply that, if a mutant is observed to die (i.e.,
going from non-zero to zero during the observation window),
it does so only once, and remains zero afterwards.

Expression (26) represents multiple conditions, one for each
𝑡 and 𝑣. Each condition from (26) for a fixed 𝑣, 𝑤 and 𝑡, states
that if mutant 𝑣 has a child 𝑤 and if this child is observed to
be born at time 𝑡 between 2 and 𝑛, then its parent must exist
at time 𝑡 − 1 or time 𝑡.

We now consider all possible scenarios for M𝑣,: and M𝑤,:
that are compatible with no mutant being always zero and
mutants being observed to be born or to die at most once.
These are: 𝑣 is never observed to die and 𝑤 is never observed
to be born; 𝑣 is never observed to die and 𝑤 is observed to
be born; 𝑣 is observed to die and 𝑤 is never observed to be
born; 𝑣 is observed to die and 𝑤 is observed to be born; We
show that in each of these scenarios either (26) does not hold,
or if it does, then 𝑡′min

𝑤 ≤ 𝑡′max
𝑣 .

In scenario 1, child 𝑤 is always non-zero so 𝑡′min
𝑤 = 1. At

the same time, (40) implies that 𝑡′min
𝑣 ≤ 𝑡′min

𝑤 , so 𝑡′min
𝑣 = 1.

Therefore, 𝑣 is always non-zero so (26) holds and 𝑡′max
𝑣 = 𝑀1.

Therefore, 𝑡′min
𝑤 ≤ 𝑡′max

𝑣 . In scenario 3, 𝑤 is always non-zero
so (26) holds and 𝑡′min

𝑤 = 1. Since 𝑡′max
𝑣 ≥ 1 always, we have

𝑡′min
𝑤 ≤ 𝑡′max

𝑣 . In scenarios 2 and 4, 𝑤 is observed to be born,
so 2 ≤ 𝑡′min

𝑤 ≤ 𝑛. If (26) holds, then either 𝑀𝑣,𝑡 ′min
𝑤

> 0 or
𝑀𝑣,𝑡 ′min

𝑤 −1 > 0. Therefore, since (24) and (25) imply that 𝑣 can
die at most once and remains zero thereafter, it must be that
at 𝑡 = 𝑡′min

𝑤 − 1 mutant 𝑣 has not died yet. Hence 𝑡′max
𝑣 ≥ 𝑡′min

𝑤 .
Proof that (21) and 𝑡′min

𝑤 ∈ [𝑡′min
𝑣 , 𝑡′max

𝑣 ], i.e. (22) implies
(26):
We already proved that (21) implies (24) and (25), which imply
that no mutant is observed to be always zero, and that if a
mutant is observed to be born, it does so at most once, and if
it dies, it remains zero thereafter.

We now consider all possible scenarios for M𝑣,: and M𝑤,:
that are compatible with 𝑣 and 𝑤 being observed to be born or
to die at most once and not being always zero, and show that
in these scenarios either (22) does not hold, or, if (22) holds,
then (26) holds. These scenarios are: 𝑣 is never observed to
die and 𝑤 is never observed to be born; 𝑣 is never observed
to die and 𝑤 is observed to be born; 𝑣 is observed to die and
𝑤 is never observed to be born; 𝑣 is observed to die and 𝑤 is
observed to be born;

In scenario 1, 𝑣 is always non-zero, hence (26) holds.
In scenario 3, since 𝑤 is never observed to be born, we

only need to prove that (26) holds for 𝑡 = 1. If (22) holds,
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then 𝑡′min
𝑣 ≤ 𝑡′min

𝑤 = 1, so 𝑡′min
𝑣 = 1. This means that 𝑣 is alive

at 𝑡 = 1, and hence (26) holds for 𝑡 = 1.
In scenarios 2 and 4, we have that 𝑡′min

𝑤 > 1, and thus if
𝑡′min
𝑤 ∈ [𝑡′min

𝑣 , 𝑡′max
𝑣 ], then at 𝑡 = 𝑡′min

𝑤 − 1 ≥ 1 mutant 𝑣 has
not died yet. Thus, it is either alive or has not yet been born.
In the first case, 𝑀𝑣,𝑡 ′min

𝑤 −1 > 0, so (26) holds. In the second
case, since 𝑡′min

𝑤 ≥ 𝑡′min
𝑣 , it must be that 𝑣 is born at 𝑡 = 𝑡′min

𝑤 ,
so 𝑀𝑣,𝑡 ′min

𝑤
> 0, and (26) holds.

□

APPENDIX F
ALTERNATIVE STATEMENT FOR LAST ASSUMPTION IN

ASSUMPTION 3

Lemma 12 shows that in Assumption 3, we could have stated
the last assumption by conditioning on all the mutants in both
S1 and S2 being alive, not just on at least one mutant being
alive in each of S1 and in S2.

Lemma 12. Let S1 and S2 be two disjoint multisets of
mutants. If the joint distribution of abundances of S1 and S2
at time 𝑡 conditioned on 𝑈∗ and on all mutants being alive at
time 𝑡 is absolutely continuous, then, if P(𝑀∗

S1 ,𝑡
, 𝑀∗

S2 ,𝑡
> 0 |

𝑈∗) > 0, we have

P(𝑀∗
S1 ,𝑡

= 𝑀∗
S2 ,𝑡

| 𝑀∗
S1 ,𝑡

, 𝑀∗
S2 ,𝑡

> 0,𝑈∗) = 0.

Proof. We consider partitions of S1 of the form S1 = A∪A𝑐,
where A𝑐 is the complement of A in S1, and likewise we
partition S2 = B ∪ B𝑐. In the sums over A and B below,
we consider all different ways of partitioning S1 such that at
time 𝑡 the mutants in A are alive, those in A𝑐 are dead, and
A is never empty, and similarly for S2. Note that if there are
multiple copies of a given mutant in e.g. S1, it is not possible
that one copy is in A and another one is in A𝑐 . We define
M∗

S,𝑡 ≡ {𝑀∗
𝑗 ,𝑡 : 𝑗 ∈ S}; note the boldface to distinguish this

from the previously defined scalar 𝑀∗
S,𝑡 . Write

P(𝑀∗
S1 ,𝑡

= 𝑀∗
S2 ,𝑡

∧ 𝑀∗
S1 ,𝑡

> 0 ∧ 𝑀∗
S2 ,𝑡

> 0 | 𝑈∗)
=

∑
A,B

P(𝑀∗
A,𝑡 = 𝑀∗

B,𝑡 ∧ M∗
A,𝑡 > 0 ∧ 𝑀∗

A𝑐 ,𝑡 = 0 ∧ M∗
B,𝑡 > 0

∧ 𝑀∗
B𝑐 ,𝑡 = 0 | 𝑈∗)

≤
∑
A,B

P(𝑀∗
A,𝑡 = 𝑀∗

B,𝑡 ∧ M∗
A,𝑡 > 0 ∧ M∗

B,𝑡 > 0 | 𝑈∗)

=
∑
A,B:

P(M∗
A,𝑡>0∧M∗

B,𝑡>0 |𝑈∗ )>0

P(𝑀∗
A,𝑡 − 𝑀∗

B,𝑡 = 0 | M∗
A,𝑡 ,M

∗
B,𝑡 > 0,𝑈∗)

× P(M∗
A,𝑡 ,M

∗
B,𝑡 > 0 | 𝑈∗).

Observe that, conditioned on M∗
A,𝑡 > 0 ∧ M∗

B,𝑡 > 0, the
random variable 𝑀∗

A,𝑡 − 𝑀∗
B,𝑡 is a linear function of random

variables with an absolutely continuous joint distribution and
hence is also absolutely continuous. Therefore, the probability
that it takes any particular value is zero, so

P(𝑀∗
A,𝑡 − 𝑀∗

B,𝑡 = 0 | M∗
A,𝑡 ,M

∗
B,𝑡 > 0,𝑈∗) = 0,

and thus the entire sum equals zero. □

APPENDIX G
MAIN LEMMAS FOR PROVING THEOREM 2

Theorem 1 follows from Theorem 2. To prove Theorem 2
we make use of Lemmas 13, 14, 15, and 16.

Lemma 13. Let 𝑀∗ satisfy Assumption 3. We have that

P(Assumption 2 holds) = 1. (41)

Proof. Condition (17) in Assumption 3 implies (18) (cf.
Section V-1). Hence, the probability that M∗

𝑟∗ ,: = 0 is zero,
and thus Assumption 2 holds with probability 1. □

Lemma 14. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Then,

P(𝑀does not satisfy (25) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (42)

Lemma 15. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Then,

P(𝑀violates (24) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (43)

Lemma 16. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Then,

P(𝑀does not satisfy (26) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (44)

To prove Lemmas 14, 15, and 16, we need a series of
intermediary results.

A. Intermediary results
Lemma 17. Let 𝑈∗ and 𝑈 be fixed ancestry matrices, and let
𝑀 = 𝑈−1𝑈∗𝑀∗. For any mutant 𝑖, we have

M𝑖,: = M+,𝑖,: − M−,𝑖,:, (45)

where M+,𝑖,: ≡ ∑
𝑗∈S+

𝑖
M∗

𝑗 ,: and M−,𝑖,: ≡ ∑
𝑗∈S−

𝑖
M∗

𝑗 ,:,
S+
𝑖 ≡ S′+

𝑖 − S′−
𝑖 and S−

𝑖 ≡ S′−
𝑖 − S′+

𝑖 , and S′+
𝑖 ≡ Δ∗𝑖 and

S′−
𝑖 ≡ ∪𝑘∈𝜕𝑖Δ∗𝑘 . In particular, both the union of the different

sets Δ∗𝑘 and the set differences respect the multiplicities of
multisets. We are using the convention that if S+

𝑖 = ∅ (resp.
S−
𝑖 = ∅) then M+,𝑖,: = 0 (resp. M−,𝑖,: = 0).
Furthermore, if 𝑀∗ satisfies Assumption 3, then for any

mutant 𝑖 and time 𝑡, we have that 𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 ≥ 0 and that
P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0.

Remark 11. Note that, by definition, the (multi)sets S+
𝑖 ,S′+

𝑖
and S−

𝑖 ,S′−
𝑖 are independent of 𝑡. They depend only on 𝑖, 𝑈

and 𝑈∗.

Remark 12. The operators ∪ and − are such that, for ex-
ample, {1, 2, 3} ∪ {1, 2, 2, 4} = {1, 1, 2, 2, 2, 3, 4}, {1, 2, 2, 4} −
{1, 2, 3} = {1, 2, 4} and {1, 2, 3} − {1, 2, 2, 4} = {3}.
Proof of Lemma 17. By direct calculation,

M𝑖,: = (𝑈−1𝑈∗𝑀∗)𝑖,: = ((𝐼 − T)𝑈∗𝑀∗)𝑖,:
=

∑
𝑗∈Δ∗𝑖

M∗
𝑗 ,: −

∑
𝑘∈𝜕𝑖

∑
𝑗∈Δ∗𝑘

M∗
𝑗 ,:

=
∑
𝑗∈S′+

𝑖

M∗
𝑗 ,: −

∑
𝑗∈S′−

𝑖

M∗
𝑗 ,:,

where T is the matrix representation of the operator that maps
children to parents in 𝑈, 𝜕𝑖 denotes the children of 𝑖 in 𝑈,
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and Δ∗𝑖 (resp. Δ∗𝑘) are the descendants of 𝑖 (resp. 𝑘) in 𝑈∗

including 𝑖 (resp. 𝑘) themselves. Some of the M∗
𝑗 ,: terms in∑

𝑗∈S′+
𝑖

M∗
𝑗 ,: also appear in

∑
𝑗∈S′−

𝑖
M∗

𝑗 ,:. After cancellations,
the remaining terms being added sum to M+,𝑖,: and the
remaining terms being subtracted sum to M−,𝑖,:.

The fact that M−,𝑖,:,M+,𝑖,: ≥ 0 follows from the fact that
both are sums of entries of 𝑀∗, all of which are non-negative
by Assumption 3.

To prove the last statement, observe that either P(𝑀+,𝑖,𝑡 >
0 ∧ 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0 or P(𝑀+,𝑖,𝑡 > 0 ∧ 𝑀−,𝑖,𝑡 >
0 | 𝑈,𝑈∗) > 0. In the first case, it immediately follows that
P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0. In the second case, we
can write

P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗)
= P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 ∧ 𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗)

=
P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 | 𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 > 0,𝑈,𝑈∗)

P(𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) .

Since by their definitions, S+ and S− involve disjoint sets of
mutants, it follows from Assumption 3 that

P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 | 𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 > 0,𝑈,𝑈∗) = 0.

□

Lemma 18. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Consider any
mutant 𝑖. Let S+

𝑖 and S−
𝑖 be defined as in Lemma 17. The

sets S+
𝑖 and S−

𝑖 cannot both be empty. Furthermore, P(M𝑖,: ≥
0 ∧ 𝑖 ∉ S+

𝑖 | 𝑈,𝑈∗) = 0.

Proof. First we prove by contradiction that it is not possible
that S+

𝑖 = S−
𝑖 = ∅. The set S′+

𝑖 is never empty (always contains
at least 𝑖), so for S+

𝑖 = S−
𝑖 = ∅ it must be that 𝑖 ∈ S′−

𝑖 . For
this to be the case, there must exist a child 𝑗 of 𝑖 in 𝑈 that is
an ancestor of 𝑖 in 𝑈∗. However, since 𝑗 is not in S′+

𝑖 but is in
S′−
𝑖 , we must have that 𝑗 ∈ S−

𝑖 , and hence S−
𝑖 is not empty,

which is a contradiction.
Now we prove the second part of the statement. If 𝑖 ∉ S+

𝑖 ,
then since 𝑖 ∈ S′+

𝑖 , it must be that Δ∗𝑖 ⊆ S′−
𝑖 , and hence

S+
𝑖 = ∅. This implies that S−

𝑖 ≠ ∅, since we have already
shown that the two multisets cannot both be empty. It follows
that M𝑖,: = −M−,𝑖,: ≤ 0. Since the event under consideration
requires M𝑖,: ≥ 0, this event implies that M−,𝑖,: = 0, which
in turn implies that M∗

𝑗 ,: = 0 for some 𝑗 ∈ S− ≠ ∅. The
probability of this last event is zero, since by assumption
𝑀∗ satisfies the longitudinal conditions, one of which is (17),
which is equivalent to (18) by Lemma 8 (see Appendix C),
and which states that no mutant described by 𝑀∗ is always
dead. □

Lemma 19. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. For any mutant
𝑖 and time 𝑡, we have

P(M𝑖,: ≥ 0 ∧ 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0. (46)

Proof. If P(M𝑖,: ≥ 0 | 𝑈∗,𝑈) = 0, we are done. If P(M𝑖,: ≥
0 | 𝑈∗,𝑈) > 0, then

P(M𝑖,: ≥ 0 ∧ 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 | 𝑈,𝑈∗)

= P(𝑀𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 | 𝑈,𝑈∗,M𝑖,: ≥ 0)

× P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (47)
= P(𝑀𝑖,𝑡 = 0 ∧ 𝑀∗

𝑖,𝑡 > 0 ∧ 𝑖 ∈ S+ | 𝑈,𝑈∗,M𝑖,: ≥ 0)
× P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (48)

= P((𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 = 0 ∨ 𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0)
∧ 𝑀∗

𝑖,𝑡 > 0 ∧ 𝑖 ∈ S+ | 𝑈,𝑈∗,M𝑖,: ≥ 0)
× P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (49)

= P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 ∧ 𝑖 ∈ S+ | 𝑈,𝑈∗,M𝑖,: ≥ 0)

× P(M𝑖,: ≥ 0 | 𝑈,𝑈∗)
+ P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 ∧ 𝑀∗

𝑖,𝑡 > 0 ∧ 𝑖 ∈ S+ | 𝑈,𝑈∗,M𝑖,: ≥ 0)
× P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (50)

≤ P(𝑀∗
𝑖,𝑡 = 0 ∧ 𝑀∗

𝑖,𝑡 > 0 | 𝑈,𝑈∗)
+ P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0 (51)

where
• from (47) to (48), we apply Lemma 18, which implies
that P(𝑖 ∈ S+ | 𝑈,𝑈∗,M𝑖,: ≥ 0) = 1;

• from (48) to (49), we use the fact that, by Assumption 3,
and conditioned on 𝑈∗, we have 𝑀∗ ≥ 0 with probability
1. This implies that 𝑀+,𝑖,𝑡 , 𝑀−,𝑖,𝑡 ≥ 0, and hence 𝑀𝑖,𝑡 =
0 implies that either 𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 = 0 or 𝑀+,𝑖,𝑡 =
𝑀−,𝑖,𝑡 > 0;

• from (49) to (50), we use the fact that if an event 𝐴 ⊆ 𝐵,
then P(𝐴) ≤ P(𝐵);

• and in (51), we apply Lemma 17.
□

Lemma 20. Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗ and 𝑈 be
fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. For any mutant
𝑖, let 𝑡′∗min

𝑖 and 𝑡′∗max
𝑖 be the birth and death time computed

from 𝑀∗ as in Section V-A, and let 𝑡′min
𝑖 and 𝑡′max

𝑖 be the birth
and death time computed from 𝑀 as in Section V-A. We have
that

P(M𝑖,: ≥ 0 ∧ 𝑡′∗max
𝑖 > 𝑡′max

𝑖 | 𝑈,𝑈∗) = 0, (52)

P(M𝑖,: ≥ 0 ∧ 𝑡′min
𝑖 > 𝑡′∗min

𝑖 | 𝑈,𝑈∗) = 0, (53)

P(M𝑖,: ≥ 0 ∧ 𝑡′min
𝑖 < 𝑡′∗min

𝑖 | 𝑈,𝑈∗) = 0. (54)

Proof. To prove (52), consider the following two possible
scenarios: 1) If 𝑡′∗max

𝑖 = 𝑀 > 𝑡′max
𝑖 , then M∗

𝑖,: is never
zero. However, for some 1 ≤ 𝑡 ≤ 𝑛, M𝑖,𝑡 = 0; 2) If
𝑀 > 𝑡′∗max

𝑖 > 𝑡′max
𝑖 , then for some 1 ≤ 𝑡 ≤ 𝑛, M𝑖,𝑡 = 0

but M∗
𝑖,𝑡 > 0. Therefore,

P(M𝑖,: ≥ 0 ∧ 𝑡′∗max
𝑖 > 𝑡′max

𝑖 | 𝑈,𝑈∗)
= P(M𝑖,: ≥ 0 ∧ 𝑀 = 𝑡′∗max

𝑖 > 𝑡′max
𝑖 | 𝑈,𝑈∗)

+ P(M𝑖,: ≥ 0 ∧ 𝑀 > 𝑡′∗max
𝑖 > 𝑡′max

𝑖 | 𝑈,𝑈∗)
≤ 2 P(M𝑖,: ≥ 0 ∧ (∃ 1 ≤ 𝑡 ≤ 𝑛 : 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗

𝑖,𝑡 > 0) | 𝑈,𝑈∗)

≤
𝑛∑
𝑡=1

2 P(M𝑖,: ≥ 0 ∧ 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0,



24

where in the last step we invoke Lemma 19.
To prove (53), notice that if 𝑡′min

𝑖 > 𝑡′∗min
𝑖 ≥ 1, then 𝑀𝑖,1 = 0,

and hence there exists some 1 ≤ 𝑡 ≤ 𝑛 for which 𝑀𝑖,𝑡 = 0 but
𝑀∗

𝑖,𝑡 > 0. Therefore,

P(M𝑖,: ≥ 0 ∧ 𝑡′min
𝑖 > 𝑡′∗min

𝑖 | 𝑈,𝑈∗)
≤ P(M𝑖,: ≥ 0 ∧ (∃ 1 ≤ 𝑡 ≤ 𝑛 : 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗

𝑖,𝑡 > 0) | 𝑈,𝑈∗)

≤
𝑛∑
𝑡=1

P(M𝑖,: ≥ 0 ∧ 𝑀𝑖,𝑡 = 0 ∧ 𝑀∗
𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0,

where in the last step we invoke Lemma 19.
To prove (54), note that if 𝑡′min

𝑖 < 𝑡′∗min
𝑖 , then for 𝑡 = 𝑡′min

𝑖

we have 𝑀𝑖,𝑡 > 0 but 𝑀∗
𝑖,𝑡 = 0. Using Lemma 17, 𝑀𝑖,𝑡 > 0

implies that 𝑀+,𝑖,𝑡 > 0, which implies that for some 𝑗 ∈ S+
𝑖 ⊆

Δ∗𝑖 we have 𝑀∗
𝑗 ,𝑡 > 0. By Assumption 3, 𝑀∗ satisfies (22) with

probability 1. In particular, when birth times are computed
from 𝑀∗, the birth time of a child is never before the birth
time of its parent. Hence, by induction on 𝑈∗, and when birth
times are computed from 𝑀∗, the birth time of 𝑗 (a descendant
of 𝑖 in 𝑈∗) is not before the birth time of 𝑖. Since 𝑀∗

𝑗 ,𝑡 > 0
implies that 𝑗 is alive at time 𝑡, we have 𝑡′∗min

𝑖 ≤ 𝑡 = 𝑡′min
𝑖

with probability 1. Therefore,

P(M𝑖,: ≥ 0 ∧ 𝑡′min
𝑖 < 𝑡′∗min

𝑖 | 𝑈,𝑈∗)
≤ P(M𝑖,: ≥ 0 ∧ 𝑡′min

𝑖 ≥ 𝑡′∗min
𝑖 ∧ 𝑡′min

𝑖 < 𝑡′∗min
𝑖 | 𝑈,𝑈∗)

= 0.

□

B. Proofs of Lemmas 14,15 and 16
Lemma (14, restated). Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗

and 𝑈 be fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Then,

P(𝑀does not satisfy (25) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (55)

Proof. Using a union bound over the mutants, it suffices to
show that for any mutant 𝑖, P(𝐸𝑖 | 𝑈,𝑈∗) = 0, where 𝐸𝑖 =
(M𝑖,: does not satisfy (25) ∧ M𝑖,: ≥ 0). If P(M𝑖,: ≥ 0 |
𝑈,𝑈∗) = 0, we are done. Hence, from now on we assume that
P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) > 0.

We start by using the representation in Lemma 17 and write

M𝑖,: = M+,𝑖,: − M−,𝑖,:. (56)

Define the event

𝐸̃𝑖 = (∃ 1 ≤ 𝑡1 < 𝑡2 < 𝑡3 ≤ 𝑛 :
𝑀+,𝑖,𝑡1 > 𝑀−,𝑖,𝑡1 ≥ 0, 𝑀+,𝑖,𝑡3 > 𝑀−,𝑖,𝑡3 ≥ 0
∧ 𝑀+,𝑖,𝑡2 = 𝑀−,𝑖,𝑡2 ),

and the disjoint events

𝐸̃𝑖,0 = (∃1 ≤ 𝑡1 < 𝑡2 < 𝑡3 ≤ 𝑛 :
𝑀+,𝑖,𝑡1 > 𝑀−,𝑖,𝑡1 ≥ 0, 𝑀+,𝑖,𝑡3 > 𝑀−,𝑖,𝑡3 ≥ 0
∧ 𝑀+,𝑖,𝑡2 = 𝑀−,𝑖,𝑡2 = 0),

and

𝐸̃𝑖,1 = (∃1 ≤ 𝑡1 < 𝑡2 < 𝑡3 ≤ 𝑛 :
𝑀+,𝑖,𝑡1 > 𝑀−,𝑖,𝑡1 ≥ 0, 𝑀+,𝑖,𝑡3 > 𝑀−,𝑖,𝑡3 ≥ 0
∧ 𝑀+,𝑖,𝑡2 = 𝑀−,𝑖,𝑡2 > 0).

The event that M𝑖,: does not satisfy (25) implies 𝐸̃𝑖 . Therefore,
we can write

P(𝐸𝑖 | 𝑈,𝑈∗)
≤ P(𝐸̃𝑖 | M𝑖,: ≥ 0,𝑈,𝑈∗)P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (57)
= P(𝐸̃𝑖 ∧ 𝑖 ∈ S+

𝑖 | M𝑖,: ≥ 0,𝑈,𝑈∗)P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) (58)
= P(𝐸̃𝑖,0 ∧ 𝑖 ∈ S+

𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗) (59)
+ P(𝐸̃𝑖,1 ∧ 𝑖 ∈ S+

𝑖 | M𝑖,: ≥ 0,𝑈,𝑈∗) P(M𝑖,: ≥ 0 | 𝑈,𝑈∗)
= P(𝐸̃𝑖,1 ∧ 𝑖 ∈ S+

𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗) (60)
≤ P(∃ 1 < 𝑡2 < 𝑛 : 𝑀+,𝑖,𝑡2 = 𝑀−,𝑖,𝑡2 > 0 | 𝑈,𝑈∗) (61)

≤
𝑛−1∑
𝑡2=2

P(𝑀+,𝑖,𝑡2 = 𝑀−,𝑖,𝑡2 > 0 | 𝑈,𝑈∗) = 0, (62)

where each step is justified as follows:
• from (57) to (58), we apply Lemma 18, which implies
that P(𝑖 ∈ S+

𝑖 | M𝑖,: ≥ 0) = 1;
• from (58) to (59), we apply Lemma 17, which states
that M−,𝑖,:,M+,𝑖,: ≥ 0. This implies that these values are
either zero or positive, never negative, and hence we can
partition 𝐸̃𝑖 as 𝐸̃𝑖 = 𝐸̃𝑖,0 ∪ 𝐸̃𝑖,1 with probability 1;

• from (59) to (60), we use the fact that the event ˜̃𝐸𝑖 =
(∃ 1 ≤ 𝑡1 < 𝑡2 < 𝑡3 ≤ 𝑛 : 𝑀+,𝑖,𝑡1 > 0, 𝑀+,𝑖,𝑡3 > 0 ∧
𝑀+,𝑖,𝑡2 = 0) satisfies 𝐸̃𝑖,0 ⊆ ˜̃𝐸𝑖 and that

P( ˜̃𝐸𝑖 ∧ 𝑖 ∈ S+
𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗) = 0.

This fact is proved at the end of the proof. This implies
that

P(𝐸̃𝑖,0 ∧ 𝑖 ∈ S+
𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗)

≤ P( ˜̃𝐸𝑖 ∧ 𝑖 ∈ S+
𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗) = 0;

• from (60) to (61), we remove overlapping events to obtain
an upper bound;

• from (61) to (62), we apply a union bound and invoke
Lemma 17 to conclude that the expression equals zero.

It remains to prove that

P( ˜̃𝐸𝑖 ∧ 𝑖 ∈ S+
𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗) = 0.

If there exists 1 ≤ 𝑡1 < 𝑡2 < 𝑡3 ≤ 𝑛 such that 𝑀+,𝑖,𝑡1 , 𝑀+,𝑖,𝑡3 >
0, 𝑀+,𝑖,𝑡2 = 0, M𝑖,: ≥ 0, and 𝑖 ∈ S+, then 𝑀∗

𝑗1 ,𝑡3 > 0 for
some mutant 𝑗1 ∈ S+

𝑖 , and 𝑀∗
𝑗 ,𝑡2

= 0 for all 𝑗 ∈ S+
𝑖 . Since

𝑖, 𝑗1 ∈ S+
𝑖 , it follows that 𝑀∗

𝑖,𝑡2
= 𝑀∗

𝑗1 ,𝑡2
= 0.

Since 𝑀∗ satisfies the longitudinal conditions with probability
1, the fact that 𝑖 is dead at 𝑡 = 𝑡2 and 𝑗1 is alive after 𝑡2 but dead
at 𝑡2, implies that 𝑡max

𝑖 ≤ 𝑡2 ≤ 𝑡min
𝑗1

. At the same time, since
𝑖 is an ancestor of 𝑗1 (or possibly 𝑗1 = 𝑖), the longitudinal
conditions (cf. (12)) imply that 𝑡min

𝑗1
≤ 𝑡max

𝑖 . Therefore, we
must have 𝑡min

𝑗1
= 𝑡max

𝑖 , and because of (17), this requires that
𝑖 ≠ 𝑗1. Hence, 𝑖 is a strict ancestor of 𝑗1. Furthermore, by
Assumption 3, the probability that a child is born exactly when
its parent dies is zero. By finite induction, the probability that
𝑡min
𝑗1

= 𝑡max
𝑖 , i.e., that a mutant is born exactly when one of its

ancestors dies, is zero. Thus,

P( ˜̃𝐸𝑖 ∧ 𝑖 ∈ S+
𝑖 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗),

which is bounded by the probability of the event that 𝑡min
𝑗1

=
𝑡max
𝑖 , is equal to zero. □
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Lemma (15, restated). Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗

and 𝑈 be fixed ancestry matrices, and let 𝑀 = 𝑈−1𝑈∗𝑀∗.
Then,

P(𝑀 violates (24) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (63)
Proof. Using a union bound, it is sufficient to prove that
P(M𝑖,: = 0 | 𝑈,𝑈∗) = 0 for any mutant 𝑖. If P(M𝑖,: ≥ 0 |
𝑈,𝑈∗) = 0, then we are done. From now on, we assume that
P(M𝑖,: ≥ 0 | 𝑈,𝑈∗) > 0.

Use Lemma 17 to write

M𝑖,: = M+,𝑖,: − M−,𝑖,:, (64)

where the definition of M+,𝑖,: depends on the set S+
𝑖 defined

in Lemma 17. Now write

P(M𝑖,: = 0 | 𝑈,𝑈∗) = P(M𝑖,: = 0 ∧ M𝑖,: ≥ 0 | 𝑈,𝑈∗)
= P(M𝑖,: = 0 | M𝑖,: ≥ 0,𝑈,𝑈∗)P(M𝑖,: ≥ 0 | 𝑈,𝑈∗)
= P(M𝑖,: = 0 ∧ 𝑖 ∈ S+

𝑖 | M𝑖,: ≥ 0,𝑈,𝑈∗)P(M𝑖,: ≥ 0 | 𝑈,𝑈∗),
where in the last step we apply Lemma 18, which implies that
P(𝑖 ∈ S+

𝑖 | M𝑖,: ≥ 0,𝑈,𝑈∗) = 1. Since by Assumption 3,
𝑀∗ satisfies the longitudinal conditions with probability 1, we
have that M∗

𝑖,: ≠ 0 with probability 1. Also, by Assumption 3
we have that M∗

𝑖,: ≥ 0 with probability 1. Hence, we can write

P(M𝑖,: = 0 | 𝑈,𝑈∗)
= P(M𝑖,: = 0 ∧ 𝑖 ∈ S+

𝑖 ∧ M∗
𝑖,: ≠ 0 ∧ M∗

𝑖,: ≥ 0 | 𝑈,𝑈∗).
Consider the event inside the last probability expression

above. Let 𝑡 be a time point such that 𝑀∗
𝑖,𝑡 > 0. For 𝑀𝑖,𝑡

to be zero, it must be that 𝑀−,𝑖,𝑡 = 𝑀+,𝑖,𝑡 . Since 𝑖 ∈ S+
𝑖 , we

have 𝑀+,𝑖,𝑡 ≥ 𝑀∗
𝑖,𝑡 > 0. Hence,

P(M𝑖,: = 0 | 𝑈,𝑈∗) ≤
𝑛∑
𝑡=1

P(𝑀−,𝑖,𝑡 = 𝑀+,𝑖,𝑡 > 0 | 𝑈,𝑈∗),

which, by Lemma 17 is equal to 0. □

Lemma (16, restated). Let 𝑀∗ satisfy Assumption 3. Let 𝑈∗

and 𝑈 be fixed ancestry matrices, and 𝑀 = 𝑈−1𝑈∗𝑀∗. Then,
P(𝑀 does not satisfy (26) ∧ 𝑀 ≥ 0 | 𝑈,𝑈∗) = 0. (65)

Proof. If 𝑀 does not satisfy (26), then there exists a time
𝑡, and a mutant 𝑣 with child 𝑤 in 𝑈, such that 𝑀𝑤,𝑡 > 0 ∧
𝑀𝑤,𝑡−1 = 0∧𝑀𝑣,𝑡+𝑀𝑣,𝑡−1 = 0. It should be understood that if
𝑡 = 1, then these expressions, as well as the expressions below,
should be read with the convention 𝑀𝑤,𝑡−1 = 𝑀𝑣,𝑡−1 = 0.

We will first prove that for any 𝑣 and child 𝑤 in 𝑈 we have

P(𝑀 ≥ 0 ∧ 𝑀𝑤,𝑡 > 0 ∧ 𝑀𝑤,𝑡−1 = 0 ∧ 𝑀𝑣,𝑡 + 𝑀𝑣,𝑡−1 = 0
| 𝑈,𝑈∗) = 0.

Using a union bound over 𝑣 and 𝑡 then finishes the proof.
To prove P(𝑀 ≥ 0∧𝑀𝑤,𝑡 > 0∧𝑀𝑤,𝑡−1 = 0∧𝑀𝑣,𝑡+𝑀𝑣,𝑡−1 =

0 | 𝑈,𝑈∗) = 0, we write

P(𝑀 ≥ 0 ∧ 𝑀𝑤,𝑡 > 0 ∧ 𝑀𝑤,𝑡−1 = 0 ∧ 𝑀𝑣,𝑡 + 𝑀𝑣,𝑡−1 = 0 | 𝑈,𝑈∗)
(66)

≤ P(𝑀 ≥ 0 ∧ 𝑀+,𝑤,𝑡 > 0 ∧ 𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 | 𝑈,𝑈∗) (67)
≤ P(𝑀 ≥ 0 ∧ 𝑀+,𝑤,𝑡 > 0 ∧ 𝑀−,𝑣,𝑡 = 0 | 𝑈,𝑈∗) (68)
≤ P(𝑀 ≥ 0 ∧ 𝑀∗

𝑗 ,𝑡 > 0 for some 𝑗 ∈ S+
𝑤

∧ 𝑀∗
𝑗 ,𝑡 = 0∀ 𝑗 ∈ S−

𝑣 | 𝑈,𝑈∗) (69)

where
• from (66) to (67), we (a) apply the representation from
Lemma 17, which implies that 𝑀𝑤,𝑡 > 0 entails 𝑀+,𝑤,𝑡 >
0; and (b) we note that since 𝑀 ≥ 0, the condition
𝑀𝑣,𝑡+𝑀𝑣,𝑡−1 = 0 implies 𝑀𝑣,𝑡 = 0, which in turn implies
𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 by Lemma 17;

• from (67) to (68), we use the fact stated in Lemma 17
that P(𝑀+,𝑖,𝑡 = 𝑀−,𝑖,𝑡 > 0 | 𝑈,𝑈∗) = 0;

• from (68) to (69), we use the definition of 𝑀+,𝑤,𝑡 and
𝑀−,𝑣,𝑡 from Lemma 17, and recall that since 𝑀∗ ≥ 0, if
a sum of components of 𝑀∗ is zero, then each component
must be zero. We also recall (cf. Lemma 17 and Remark
11) that the (multi)sets S+

𝑤 do not depend on time.
We now consider the following three possible scenarios:

Scenario 1: 𝑤 is an ancestor of 𝑣 in 𝑈∗;
Scenario 2: 𝑤 is neither an ancestor nor a descendant of 𝑣 in
𝑈∗;
Scenario 3: 𝑤 is a descendant of 𝑣 in 𝑈∗.
Recall that by definition S′−

𝑣 ⊇ Δ∗𝑤 and S′+
𝑣 = Δ∗𝑣 (there are

no repeated elements in S′+
𝑣 but there might be in S′−

𝑣 ). Now,
we analyze each scenario in detail.

Scenario 1: If 𝑤 is an ancestor of 𝑣 in 𝑈∗, then Δ∗𝑤 ⊇ Δ∗𝑣
and hence S+

𝑣 = S′+
𝑣 −S′−

𝑣 = ∅, so that M+,𝑣,: = 0. In this case,
𝑀 ≥ 0 implies M𝑣,: = M+,𝑣,: − M−,𝑣,: = −M−,𝑣,: ≥ 0. Since,
conditioned on 𝑈 and 𝑈∗, 𝑀∗ ≥ 0 holds with probability 1
by Assumption 3, this further implies that 0 ≤ M−,𝑣,: ≤ 0
element-wise. Consequently, there must exist some 𝑗 ∈ S−

𝑣

such that M∗
𝑗 ,: = 0, which contradicts Assumption 3, stating

that 𝑀∗ satisfies the longitudinal conditions that require all
mutants to be observed to be alive for at least one time sample.
Therefore, we can bound (69) by zero.

Scenario 2: If 𝑤 is not related to 𝑣 in 𝑈∗, then S−
𝑣 = S′−

𝑣 −
S′+
𝑣 = S′−

𝑣 − Δ∗𝑣 ⊇ Δ∗𝑤. At the same time, we always have
S+
𝑤 ⊆ Δ∗𝑤. Therefore, the event in (69) implies that 𝑀 ≥

0 ∧ 𝑀∗
𝑗 ,𝑡 = 0 ∧ 𝑀∗

𝑗 ,𝑡 > 0 for some 𝑗 ∈ S+
𝑤 , an event which

occurs with probability zero.
Scenario 3: Assume now that 𝑤 is a descendant of 𝑣 in 𝑈∗.

For any mutant 𝑖, define birth and death times 𝑡′∗min
𝑖 and 𝑡′∗max

𝑖

from 𝑀∗ and 𝑡′min
𝑖 and 𝑡′max

𝑖 from 𝑀 as in Section V-A. Let
𝑡 be a time, and 𝑣 be a mutant with child 𝑤 in 𝑈, such that
𝑀𝑤,𝑡 > 0 ∧ 𝑀𝑤,𝑡−1 = 0 ∧ 𝑀𝑣,𝑡 + 𝑀𝑣,𝑡−1 = 0. It follows that
𝑡′min
𝑤 = 𝑡, and that M𝑣,: is dead at both 𝑡 and 𝑡 − 1 if 𝑡 ≥ 2.
This last fact implies that if 𝑡 = 1, then 𝑡′min

𝑣 > 𝑡, and if 𝑡 > 2,
then either 𝑡′min

𝑣 > 𝑡 or 𝑡′max
𝑣 < 𝑡.

If 𝑡 = 1, we can write

P(𝑀 ≥ 0 ∧ 𝑀𝑤,𝑡 > 0 ∧ 𝑀𝑣,𝑡 = 0 | 𝑈,𝑈∗) (70)
≤ P(𝑀 ≥ 0 ∧ 𝑡′min

𝑣 > 𝑡′min
𝑤 | 𝑈,𝑈∗) (71)

= P(𝑀 ≥ 0 ∧ 𝑡′∗min
𝑣 > 𝑡′∗min

𝑤 | 𝑈,𝑈∗) (72)
≤ P(𝑀 ≥ 0 ∧ 𝑡′∗min

𝑣 > 𝑡′∗min
𝑤 ∧ 𝑡′∗min

𝑣 ≤ 𝑡′∗min
𝑤 | 𝑈,𝑈∗) (73)

= 0, (74)

where
• from (71) to (72), we apply (53)-(54) in Lemma 20, which
show that for any mutant 𝑖, the event 𝑀 ≥ 0∧𝑡′min

𝑖 = 𝑡′∗min
𝑖

occurs with probability 1;
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• from (72) to (73), we use the fact that 𝑀∗ satisfies
Assumption 3 with probability 1, which implies that the
birth time of a parent is never later than that of its
child. By induction, this implies that, with probability
1, 𝑡′∗min

𝑣 ≤ 𝑡′∗min
𝑤 , since 𝑤 is a descendant of 𝑣 in 𝑈∗.

Because both conditions 𝑡′∗min
𝑣 > 𝑡′∗min

𝑤 and 𝑡′∗min
𝑣 ≤ 𝑡′∗min

𝑤

cannot hold simultaneously, the result follows.
For the rest of the proof, we consider 𝑡 ≥ 2. We can write

P(𝑀 ≥ 0 ∧ 𝑀𝑤,𝑡 > 0 ∧ 𝑀𝑤,𝑡−1 = 0 ∧ 𝑀𝑣,𝑡 + 𝑀𝑣,𝑡−1 = 0 | 𝑈,𝑈∗)
≤ P(𝑀 ≥ 0 ∧ 𝑡′min

𝑣 > 𝑡′min
𝑤 | 𝑈,𝑈∗)

+ P(𝑀 ≥ 0 ∧ 𝑡′max
𝑣 < 𝑡′min

𝑤 | 𝑈,𝑈∗) (75)
= P(𝑀 ≥ 0 ∧ 𝑡′∗min

𝑣 > 𝑡′∗min
𝑤 | 𝑈,𝑈∗)

+ P(𝑀 ≥ 0 ∧ 𝑡′max
𝑣 < 𝑡′min

𝑤 | 𝑈,𝑈∗) (76)
≤ P(𝑀 ≥ 0 ∧ 𝑡′∗min

𝑣 > 𝑡′∗min
𝑤 ∧ 𝑡′∗min

𝑣 ≤ 𝑡′∗min
𝑤 | 𝑈,𝑈∗)

+ P(𝑀 ≥ 0 ∧ 𝑡′max
𝑣 < 𝑡′min

𝑤 | 𝑈,𝑈∗) (77)
= P(𝑀 ≥ 0 ∧ 𝑡′max

𝑣 < 𝑡′min
𝑤 | 𝑈,𝑈∗) (78)

= P(𝑀 ≥ 0 ∧ 𝑡′∗max
𝑣 ≤ 𝑡′max

𝑣 < 𝑡′min
𝑤 = 𝑡′∗min

𝑤 | 𝑈,𝑈∗), (79)

where
• from (75) to (76), we apply (53)-(54) from Lemma 20,
which imply that for any mutant 𝑖, the event 𝑀 ≥ 0 ∧
𝑡′min
𝑖 = 𝑡′∗min

𝑖 holds with probability 1;
• from (76) to (77), we use the fact that 𝑀∗ satisfies
Assumption 3 with probability 1, which implies that the
birth time of a parent cannot exceed that of its child.
Hence, by induction, 𝑡′∗min

𝑣 ≤ 𝑡′∗min
𝑤 with probability 1,

since 𝑤 is a descendant of 𝑣 in 𝑈∗;
• from (78) to (79), we apply (52) from Lemma 20.

Let 𝑢 be the father of 𝑤 on 𝑈∗. If 𝑢 = 𝑣, since 𝑀∗ satisfies
the longitudinal conditions (in particular (22) with probability
1), we obtain

P(𝑀 ≥ 0 ∧ 𝑡′∗max
𝑣 ≤ 𝑡′max

𝑣 < 𝑡′min
𝑤 = 𝑡′∗min

𝑤 | 𝑈,𝑈∗)
≤ P(𝑡′∗max

𝑣 < 𝑡′∗min
𝑤 | 𝑈,𝑈∗) = 0.

If 𝑢 ≠ 𝑣, we also arrive at a contradiction, as shown next.
Assume thus that 𝑤 is a descendant of 𝑣 in 𝑈∗, 𝑢 is the

father of 𝑤 in 𝑈∗, and that 𝑢 ≠ 𝑣. Represent 𝑀𝑣 and 𝑀𝑤 using
Lemma 17 and consider the corresponding sets S+

𝑣 ,S−
𝑣 ,S+

𝑤

and S−
𝑤 . We show that it cannot simultaneously hold that (a)

𝑤 ∉ S+
𝑣 ∪ S−

𝑣 and (b) 𝑢 ∉ S+
𝑣 ∪ S−

𝑣 , where the union of
multisets preserves repeated elements. To see this, recall that
S′+
𝑣 = Δ∗𝑣 ⊇ {𝑤, 𝑢}, that S+

𝑣 = S′+
𝑣 − S′−

𝑣 has no repeated
elements, and that since 𝑤 is a child of 𝑣 in 𝑈, we have S′−

𝑣 =
Δ∗𝑤 ∪ (· · · ).

If (a) holds, then, since by definition 𝑤 ∈ S′−
𝑣 , it must be that

𝑤 ∈ S′+
𝑣 , and that 𝑤 appears only once in S′−

𝑣 . If (b) also holds,
then, since by definition 𝑢 ∈ S′+

𝑣 , it must be that 𝑢 appears
only once in S′−

𝑣 . However, for 𝑢 to appear in S′−
𝑣 , it must

belong to Δ∗𝑎 for some 𝑎 that is either 𝑢 itself or an ancestor
of 𝑢 in 𝑈∗. Hence, the multiset S′−

𝑣 = Δ∗𝑎∪Δ∗𝑤∪(· · · ), where
the union preserves repetitions. Therefore, since 𝑤 ∈ Δ∗𝑎 and
𝑤 ∈ Δ∗𝑤, the multiset S′−

𝑣 contains 𝑤 at least twice. This
contradicts (a), which implies that S′−

𝑣 contains 𝑤 only once.
For the remainder of the proof, we assume that either (a)

or (b) is true, and show that both lead to a contradiction.

Assume that 𝑤 ∈ S+
𝑣 ∪ S−

𝑣 . If 𝑣 is dead at time 𝑡, then
𝑀𝑣,𝑡 ≡ 𝑀+,𝑣,𝑡 − 𝑀−,𝑣,𝑡 = 0, and either 𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 = 0
or 𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 > 0. The event 𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 > 0
has probability zero by Lemma 17. Since 𝑤 ∈ S+

𝑣 ∪ S−
𝑣 and

S+
𝑣 ∩ S−

𝑣 = ∅, 𝑀∗
𝑤,𝑡 is a term in exactly one of 𝑀+,𝑣,𝑡 or

𝑀−,𝑣,𝑡 . Thus, the event 𝑀+,𝑣,𝑡 = 𝑀−,𝑣,𝑡 = 0 implies 𝑀∗
𝑤,𝑡 = 0,

as 𝑀∗ ≥ 0. Hence, with probability 1, the death time of M𝑣,:
is not smaller than that of M∗

𝑤,:, i.e. 𝑡′max
𝑣 ≥ 𝑡′∗max

𝑤 . We can
thus start from (78) and write,

P(𝑀 ≥ 0 ∧ 𝑡′max
𝑣 < 𝑡′min

𝑤 )
= P(𝑀 ≥ 0 ∧ 𝑡′max

𝑣 < 𝑡′min
𝑤 = 𝑡∗′min

𝑤 ∧ 𝑡′max
𝑣 ≥ 𝑡∗′max

𝑤 )
≤ P(𝑡∗′max

𝑤 ≤ 𝑡′max
𝑣 < 𝑡∗′min

𝑤 ) = 0,

where we have used Lemma 20, which states that 𝑀 ≥ 0 ∧
𝑡′min
𝑤 = 𝑡∗′min

𝑤 holds with probability 1, and the fact that 𝑀∗

satisfies the longitudinal conditions (in particular (21)) with
probability 1.

Similarly, assume that 𝑢 ∈ S+
𝑣 ∪S−

𝑣 . By the same reasoning
as above, we have 𝑡′max

𝑣 ≥ 𝑡′∗max
𝑢 with probability 1. We can

thus start from (78) and write,

P(𝑀 ≥ 0 ∧ 𝑡′max
𝑣 < 𝑡′min

𝑤 )
= P(𝑀 ≥ 0 ∧ 𝑡′max

𝑣 < 𝑡′min
𝑤 = 𝑡∗′min

𝑤 ∧ 𝑡′max
𝑣 ≥ 𝑡∗′max

𝑢 )
≤ P(𝑡∗′max

𝑢 ≤ 𝑡′max
𝑣 < 𝑡∗′min

𝑤 ) = 0,

where we again use Lemma 20, which ensures 𝑀 ≥ 0∧𝑡′min
𝑤 =

𝑡∗′min
𝑤 with probability 1, and the fact that since 𝑢 is the father

of 𝑤 and with probability 1, and 𝑀∗ satisfies the longitudinal
conditions, (22) holds, implying 𝑡∗′max

𝑢 ≥ 𝑡∗′min
𝑤 .

□

APPENDIX H
AUXILIARY RESULTS TO PROVE THE MAIN RESULTS IN SECTION

V-C
To prove Theorem 3 we use Lemmas 4, 6, and 5. In this

section, we provide proofs of these lemmas.

A. Proof of Lemma 4
Proof of Lemma 4. We have

𝐸 = 1 + E𝑈∗ ,𝑀∗

( ∑
𝑈∈D(𝑈∗ )

I(𝑈−1𝑈∗𝑀∗ ≥ 0)
)
,

and we will show that the right-hand side equals (34). Simi-
larly,

𝐸 ′ ≤ 1 + E𝑈∗ ,𝑀∗

( ∑
𝑈∈D(𝑈∗ )

I(‖𝑈−1𝑈∗ ¤𝑀∗‖ ≤ ‖ ¤𝑀∗‖)
)

where we have dropped the constraint 𝑈−1𝑈∗𝑀∗ ≥ 0, and we
will show that the right-hand side equals (35).

We first derive (34). By direct calculation and reinterpreta-
tion of terms, for any node 𝑖 we obtain,

(𝑈−1𝑈∗𝑀∗)𝑖,: = ((𝐼−𝑇)𝑈∗𝑀∗)𝑖,: =
∑
𝑗∈Δ∗𝑖

M∗
𝑗 ,:−

∑
𝑘∈𝜕𝑖

∑
𝑗∈Δ∗𝑘

M∗
𝑗 ,:,

(80)
where 𝑇 is the matrix representation of the operator that maps
children to their parents in 𝑈, 𝜕𝑖 denotes the children of 𝑖 in
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𝑈, and Δ∗𝑖 (resp. Δ∗𝑘) denotes the descendants of 𝑖 (resp. 𝑘)
in 𝑈∗, including the node 𝑖 (resp. 𝑘) itself.

Let 𝜕∗𝑖 denote the children of 𝑖 in 𝑈∗. For all nodes 𝑖 for
which 𝜕𝑖 = 𝜕∗𝑖, we have from (80) and the non-negativity of
𝑀∗ that

(𝑈−1𝑈∗𝑀∗)𝑖,: = M∗
𝑖,: ≥ 0.

Since 𝑈 ∈ D(𝑈∗) differs from 𝑈∗ only by a single leaf
displacement, there is exactly one node whose children differ,
i.e. 𝜕𝑖 ≠ 𝜕∗𝑖, namely the new parent (in 𝑈) of the leaf 𝑗 in
𝑈∗ whose parent has changed. For this node,

(𝑈−1𝑈∗𝑀∗)𝑖,: = M∗
𝑖,: − M∗

𝑗 ,:, (81)

which can be positive or negative depending on the realization
of the random variable 𝑀∗. The nodes 𝑖 and 𝑗 depend on 𝑈
and 𝑈∗; however, in what follows, we omit this dependency
for simplicity.

Using the independence of 𝑀∗ and 𝑈∗, linearity of expec-
tation, the expression in (81), and the fact that the distribution
for 𝑀∗ is, by assumption, invariant to node-label permutations,
we write

E𝑈∗ ,𝑀∗
©­«

∑
𝑈∈D(𝑈∗ )

I(𝑈−1𝑈∗𝑀∗ ≥ 0)ª®¬ (82)

= E𝑈∗
©­«

∑
𝑈∈D(𝑈∗ )

P𝑀∗ (𝑈−1𝑈∗𝑀∗ ≥ 0)ª®¬ (83)

= E𝑈∗
©­«

∑
𝑈∈D(𝑈∗ )

P𝑀∗ (M∗
𝑖,: − M∗

𝑗 ,: ≥ 0)ª®¬ (84)

= E𝑈∗
©­«

∑
𝑈∈D(𝑈∗ )

P𝑀∗ (M∗
2,: − M∗

1,: ≥ 0)ª®¬ (85)

= E𝑈∗

(
|D(𝑈∗) |P𝑀∗ (M∗

2,: − M∗
1,: ≥ 0)

)
(86)

= E𝑈∗ (|D(𝑈∗) |) P𝑀∗ (M∗
1,: ≤ M∗

2,:) (87)

If 𝐿 (𝑈∗) is the number of leaves in the tree associated with
𝑈∗, the size of D(𝑈∗) is 𝐿 (𝑈∗) (𝑞 − 2), because each leaf
can be made a child of any node except itself and its current
parent. The probability that a node 𝑖 is a leaf in a random
labeled tree on 𝑞 nodes is (1−1/𝑞)𝑞−2 [54]. Since in a rooted
tree the root cannot be a leaf, we obtain

E( |D(𝑈∗) |) = (𝑞 − 2)E(𝐿 (𝑈∗)) = (𝑞 − 2) (𝑞 − 1)(1− 1/𝑞)𝑞−2.

Substituting this expectation into the right-hand side of (87)
and adding 1 yields (34).

We now prove (35) using an analogous argument. If 𝑈 ∈
D(𝑈∗), by the same reasoning as above, for all nodes 𝑖 for
which 𝜕𝑖 = 𝜕∗𝑖,

(𝑈−1𝑈∗ ¤𝑀∗)𝑖,: = ¤M∗
𝑖,:,

and for the unique node 𝑖 for which 𝜕𝑖 ≠ 𝜕∗𝑖,

(𝑈−1𝑈∗ ¤𝑀∗)𝑖,: = ¤M∗
𝑖,: − ¤M∗

𝑗 ,:.

Therefore,

‖𝑈−1𝑈∗ ¤𝑀∗‖2 − ‖ ¤𝑀∗‖2 = ‖ ¤M∗
𝑖,: − ¤M∗

𝑗 ,:‖
2 − ‖ ¤M∗

𝑖,:‖
2

= ¤M∗
𝑗 ,:

> ( ¤M∗
𝑗 ,: − 2 ¤M∗

𝑖,:).

We can now adapt the argument in (83)-(87) to complete the
proof. □

B. Proof of Lemma 5
To prove Lemma 5 we first require an intermediate lemma,

which we now state and prove.

Lemma 21. Let M∗ be distributed according to Assumption
5. Conditioned on fixed values 𝑀∗

1,0 < 𝑀∗
2,0 we have that

P𝑀∗ (M∗
1,: ≤ M∗

2,: | 𝑀∗
1,0, 𝑀

∗
2,0) =

𝑀∗
2,0

2 − 𝑀∗
1,0

2

6𝑛
+𝑂

(
1
𝑛2

)
Proof. To shorten notation, throughout this proof all probabili-
ties are implicitly conditioned on fixed values 𝑀∗

1,0 < 𝑀∗
2,0. For

example, PM̃ (M̃1,: < 0) denotes “PM̃ (M̃1,: < 0 | 𝑀∗
1,0, 𝑀

∗
2,0)

where 𝑀∗
1,0 < 𝑀∗

2,0.”
The event M∗

1,: ≤ M∗
2,: is the same as the event (M̃2,: −

M̃1,:)/
√

2 ≥ 0 conditioned on M̃1,:, M̃2,: ≥ 0. We compute
separately (a) the probability that M̃1,:, M̃2,: ≥ 0 and (b) the
probability that (M̃2,: − M̃1,:)/

√
2 ≥ 0∧ M̃1,: ≥ 0. The ratio of

(b) to (a) yields the desired probability.
The event M̃1,: ≥ 0 is independent of the event M̃2,: ≥ 0.

Their probabilities are identical and are well known in liter-
ature from the distribution of the hitting time of a standard
Brownian motion at a boundary; see e.g., [50], and can be
derived using a reflection principle. In particular, we have that

P𝑀̃ (M̃1,: < 0) = PM̃1,:

(
max

𝑡∈[0,𝑛]
𝑀∗

1,0 − 𝑀̃1,𝑡 > 𝑀∗
1,0

)
= P

(
max

𝑡∈[0,𝑛]
𝐵𝑡 > 𝑀∗

1,0

)
,

where 𝐵𝑡 is a standard Brownian motion started at zero. We
recall that the observation interval is 𝑡 ∈ [0, 𝑛], where 𝑛 repre-
sents the “number” of samples. Following, for example, [55],
and using a reflection argument, we obtain P(max𝑡∈[0,𝑛] 𝐵𝑡 >

𝑀∗
1,0) = 2P(𝐵𝑛 > 𝑀∗

1,0) = 2(1 − Φ(𝑀∗
1,0/

√
2𝑇)), where Φ

is the cumulative distribution function of a standard Gaussian
random variable. Therefore,

PM̃1,:
(M̃1,: ≥ 0) = 2Φ(𝑀∗

1,0/
√

2𝑛) − 1,

and

P𝑀̃ (M̃1,:, M̃2,: ≥ 0) = (2Φ(𝑀∗
1,0/

√
2𝑛)−1) (2Φ(𝑀∗

2,0/
√

2𝑛)−1).

Let
𝑌𝑡 ≡ (𝑀̃2,0 − 𝑀̃1,0)/

√
2 − (𝑀̃2,𝑡 − 𝑀̃1,𝑡 )/

√
2,

and
𝑋𝑡 ≡ 𝑀̃1,0 − 𝑀̃1,𝑡 .

The processes 𝑋𝑡 and 𝑌𝑡 are correlated standard Brownian
motions with zero drift. Specifically, their correlation coef-
ficient at 𝑡 = 1 is equal to 𝜌 = −1/

√
2, their variance at

𝑡 = 1 equals to 1, and both start at zero. The value of (b)
is the probability that the two-dimensional Brownian motion
(𝑋𝑡 , 𝑌𝑡 ) does not hit the line 𝑥 = 𝑎 ≡ 𝑀∗

1,0 > 0 nor the line
𝑦 = 𝑏 ≡ (𝑀̃2,0 − 𝑀̃1,0)/

√
2 > 0 before 𝑡 = 𝑛. This problem has

been studied extensively; see, e.g., [56]–[64]. Many of these
works follow a similar approach, which we briefly summarize
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here. Namely, if 𝑓 (𝑥, 𝑦, 𝑡) is the joint density that (𝑋𝑡 , 𝑌𝑡 ) is
at (𝑥, 𝑦) and that neither line 𝑥 = 𝑎, 𝑦 = 𝑏 is hit before time
𝑡, then 𝑓 satisfies the Kolmogorov forward equation

𝜕 𝑓

𝜕𝑡
=

1
2
𝜕2 𝑓

𝜕𝑥2 + 𝜕2 𝑓

𝜕𝑦2 + 2𝜌
𝜕2 𝑓

𝜕𝑥𝜕𝑦
, (88)

subject to the boundary and initial conditions

𝑓 (𝑎, 𝑦, 𝑡) = 𝑓 (𝑥, 𝑏, 𝑡) = 𝑓 (−∞, 𝑏, 𝑡) = 𝑓 (𝑎,−∞, 𝑡) = 0,
𝑓 (𝑥, 𝑦, 0) = 𝛿(𝑥)𝛿(𝑦),

where 𝛿 is an indicator functions, and∫ 𝑎

−∞

∫ 𝑏

−∞
𝑓 (𝑥, 𝑦, 𝑡)d𝑥d𝑦 ≤ 1, 𝑡 > 0. (89)

Integrating 𝑓 over the region 𝑥 ≤ 𝑎 and 𝑦 ≤ 𝑏, which is the
left-hand side of (89), yields the value of (b). After a change of
variables, (88) becomes a heat equation that can be solved in
polar coordinates. Integrating 𝑓 over 𝑥 ≤ 𝑎 and 𝑦 ≤ 𝑏 leads to
the following series expression for (b), reproduced from [61],

P( max
𝑡∈[0,𝑛]

𝑋𝑡 ≤ 𝑎 ∧ max
𝑡∈[0,𝑛]

𝑌𝑡 ≤ 𝑏)

= 𝑒−
𝑟2
0

4𝑛
2𝑟0√
2𝜋𝑛

∑
𝑘=1,3,5,...

1
𝑘

(
𝐼 1

2 ( 𝑘𝜋
𝛼 −1)

( 𝑟0
2

4𝑛

)
+ 𝐼 1

2 ( 𝜋𝑘
𝛼 +1)

( 𝑟0
2

4𝑛

))
sin

( 𝜋𝜃0𝑘

𝛼

)
, (90)

where,using 𝜌 < 0 and that both 𝑋𝑡=1 and 𝑌𝑡=1 have unit
variance,

𝑟0 =

√
𝑎2 + 𝑏2 − 2𝜌𝑎𝑏

1 − 𝜌2

𝛼 = arctan

(
−
√

1 − 𝜌2

𝜌

)
𝜃0 = arctan

(
𝑏
√

1 − 𝜌2

𝑎 − 𝑏𝜌

)
,

and 𝐼𝑎 (𝑥) is the modified Bessel function of the first kind
of order 𝑎. Since 𝜌 = −1/

√
2, we havethat 1 − 𝜌2 = 1/2,

𝑟0 =
√
𝑀∗2

1,0 + 𝑀∗2
2,0, 𝛼 = 𝜋/4, and 𝜃0 = arctan(1 − 2𝑎

2𝑎+𝑏
√

2
),

and the entire expression depends only on 𝑛, 𝑀∗
1,0, and 𝑀∗

2,0.
Defining 𝑧 ≡ 𝑟0/(2

√
𝑛), and using the series representation

𝐼𝑎 (𝑥) =
( 𝑥
2

)𝑎 ∞∑
𝑗=0

(𝑥/2)2 𝑗

𝑗!Γ(𝑛 + 𝑗 + 1) ,

we continue (90) as shown in (91), where, in the last line, we
used the identity Γ(𝑥+1) = 𝑥Γ(𝑥). Implicit in the derivation is
the fact that the order of summation may be exchanged, since
the double series converges absolutely.

To see this, note that the expression being summed is
bounded in absolute value by

(𝑧4/4) 𝑗
𝑗!

(𝑧4/4)𝑠
𝑠!

((𝑧2/2)1/2 + (𝑧2/2)−1/2),

where 𝑠 = 2𝑘 + 1. Consequently, the sum of absolute values
is bounded by

∞∑
𝑠=0

∞∑
𝑗=0

(𝑧4/4) 𝑗
𝑗!

(𝑧4/4)𝑠
𝑠!

(
(𝑧2/2)1/2 + (𝑧2/2)−1/2)

= 𝑒𝑧
4/2 ((𝑧2/2)1/2 + (𝑧2/2)−1/2) < ∞,

since 𝑧 > 0. As a consequence of this bound, if we truncate
the summation at order 𝑧𝑠 , the truncation error is bounded
by 𝐶 (𝑧)𝑧𝑠+1 for some function 𝐶 (𝑧) that is a power-series
convergent in absolute value for which 𝐶 (0) < +∞. In other
words, for 𝑧 sufficiently small, the error is uniformly bounded
by 𝐶𝑧𝑠+1 for some constant 𝐶.

If we expand 𝑒−𝑧
2 and collect the lowest-order powers of 𝑧

in (91), we can express (b) as

P(0 ≤ M̃1,: ≤ M̃2,:) =
4 sin(4𝜃0)𝑧4

3𝜋

(
1 − 4𝑧2

5
+ 2𝑧4

5
+𝑂 (𝑧6)

)
,

where, after a few trigonometric manipulations and using the
definition of 𝑎 and 𝑏,

sin(4𝜃0) =
𝑎𝑏

(√
2𝑎 + 2𝑏

) (
2𝑎 +

√
2𝑏

)
(
𝑎2 +

√
2𝑎𝑏 + 𝑏2

)2

=
4𝑀∗

1,0𝑀
∗3
2,0 − 4𝑀∗3

1,0𝑀
∗
2,0(

𝑀∗2
1,0 + 𝑀∗2

2,0

)
2

.

At the same time, expanding (a) yields

P(M̃1,:, M̃2,: ≥ 0)
= (2Φ(𝑀∗

1,0/
√

2𝑛) − 1) (2Φ(𝑀∗
2,0/

√
2𝑛) − 1)

= (2Φ(𝑧𝑟1) − 1) (2Φ(𝑧𝑟2) − 1)

=
4𝑟1𝑟2𝑧

2

𝜋

(
1 + 1

3

(
−𝑟2

1 − 𝑟2
2

)
𝑧2 +𝑂 (𝑧4)

)
where 𝑟1 = (

√
2𝑀∗

1,0/𝑟0) and 𝑟2 = (
√

2𝑀∗
2,0/𝑟0) .

taking the ratio of (a) and (b), we obtain

P𝑀∗ (M∗
1,: ≤ M∗

2,: |𝑀∗
1,0, 𝑀

∗
2,0) =

sin(4𝜃0)𝑧2

3𝑟1𝑟2
+𝑂 (𝑧4),

where we also have that

sin(4𝜃0)𝑧2

3𝑟1𝑟2
=

sin(4𝜃0)𝑟2
0𝑧

2

6𝑀∗
1,0𝑀

∗
2,0

=
𝑟2

0𝑧
2

6𝑀∗
1,0𝑀

∗
2,0

4𝑀∗
1,0𝑀

∗3
2,0 − 4𝑀∗3

1,0𝑀
∗
2,0(

𝑀∗2
1,0 + 𝑀∗2

2,0

)
2

=
𝑟2

0𝑧
2

6
4𝑀∗2

2,0 − 4𝑀∗2
1,0(

𝑀∗2
1,0 + 𝑀∗2

2,0

)
2
=

𝑟4
0
6

𝑀∗2
2,0 − 𝑀∗2

1,0

𝑛
(
𝑀∗2

1,0 + 𝑀∗2
2,0

)
2

=
𝑀∗2

2,0 − 𝑀∗2
1,0

6𝑛
.

□
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𝑒−𝑧
2 4𝑧
√

2𝜋

∞∑
𝑘=0

1
2𝑘 + 1

(
𝐼− 1

2+2(2𝑘+1)
(
𝑧2) + 𝐼 1

2+2(2𝑘+1)
(
𝑧2) ) sin(4(2𝑘 + 1)𝜃0)

= 𝑒−𝑧
2 4𝑧
√

2𝜋

∞∑
𝑘=0

sin(4(2𝑘 + 1)𝜃0)
2𝑘 + 1

∞∑
𝑗=0

(
(𝑧4/4) 𝑗 (𝑧2/2)− 1

2+2(2𝑘+1)

𝑗!Γ(− 1
2 + 2(2𝑘 + 1) + 𝑗 + 1)

+ (𝑧4/4) 𝑗 (𝑧2/2) 1
2+2(2𝑘+1)

𝑗!Γ( 1
2 + 2(2𝑘 + 1) + 𝑗 + 1)

)
=

4𝑧𝑒−𝑧2

√
2𝜋

∞∑
𝑘=0

∞∑
𝑗=0

sin(4(2𝑘 + 1)𝜃0)
2𝑘 + 1

(𝑧2/2)2 𝑗+2(2𝑘+1)

𝑗!Γ( 1
2 + 2(2𝑘 + 1) + 𝑗)

(( 𝑧2

2

)−1/2
+ (𝑧2/2)1/2

1
2 + 2(2𝑘 + 1) + 𝑗

)
.

(91)

Proof of Lemma 5. Since 𝑀∗
1,0 and 𝑀∗

2,0 are i.i.d. and uniform
on [0, 1], we have that

P𝑀∗ (M∗
1,: ≤ M∗

2,:)

=
∫ 1

0

∫ 1

𝑀∗
1,0

P𝑀∗ (M∗
1,: ≤ M∗

2,: | 𝑀∗
1,0, 𝑀

∗
2,0) d𝑀∗

2,0 d𝑀∗
1,0

=
∫ 1

0

∫ 1

𝑀∗
1,0

𝑀∗
2,0

2 − 𝑀∗
1,0

2

6𝑛
d𝑀∗

2,0d𝑀∗
1,0 +𝑂 (1/𝑛2)

= 1/(36𝑛) +𝑂 (1/𝑛2). (92)

□

APPENDIX I
DETAILS ON GENERATING 𝑀∗ FOR SECTION VI-B

We initialize the trajectories by setting M̃:,1 = 1/𝑛 and
recursively compute

M̃:,𝑡 = M̃:,𝑡−1 + 𝛼Z:,𝑡 ,

where {𝑍𝑖,𝑡 } are i.i.d. random variables following a normal
distribution N(0, 1).

For Figure 3 we set 𝛼 = 0.05. To obtain 𝑀∗ we apply the
matrix 𝑃 = 𝐼 − 11>/𝑛 to each M̃:,𝑡 so that 1>𝑀∗

:,𝑡 = 1>, and
discard any trajectory that does not satisfy the non-negativity
constraint 𝑀∗ ≥ 0. A typical example is shown in Figure 4.
The procedure used to generate 𝑀∗ nearly satisfies Assumption
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Fig. 4: Typical generated set of trajectories 𝑀∗.

4 and Assumption 5. Specifically, 𝑈∗ and 𝑀∗ are generated
independently, and it is impossible for row M∗

𝑖,: to become

identically zero. The evolution of each M∗
𝑖,: follows a Brownian

motion that is accepted if it remains non-negative and rejected
otherwise. However, we subsequently adjust the trajectories to
enforce the constraint 1>𝑀∗ = 1>, and the initial condition is
not drawn uniformly at random but instead fixed as M∗

:,1 = 1/𝑛.
These modifications break both the independence condition
in Assumption 4 and the distributional assumptions on 𝑀̃ in
Assumption 5. These differences are small and are unlikely to
affect the empirical results we present.

Because of the way we generate 𝑀∗, Assumption 2 is always
satisfied; that is, there exists at least one time index 𝑡 such that
𝑀∗

𝑟∗ ,𝑡 > 0. By Lemma 1, this implies that, during inference,
we do not need to explicitly enforce the constraint 1>𝑀 = 1>
and instead only need to verify whether 𝑈−1𝑈∗𝑀∗ ≥ 0 and
whether ‖𝑀𝐷‖ ≤ ‖𝑀∗𝐷‖.
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