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Abstract

The Optimal transport (OT) problem is rapidly finding its way into machine learning.
Favoring its use are its metric properties. Many problems admit solutions with guarantees
only for objects embedded in metric spaces, and the use of non-metrics can complicate
solving them. Multi-marginal OT (MMOT) generalizes OT to simultaneously transporting
multiple distributions. It captures important relations that are missed if the transport only
involves two distributions. Research on MMOT, however, has been focused on its exist-
ence, uniqueness, practical algorithms, and the choice of cost functions. There is a lack of
discussion on the metric properties of MMOT, which limits its theoretical and practical
use. Here, we prove new generalized metric properties for a family of pairwise MMOTs.
We first explain the difficulty of proving this via two negative results. Afterward, we prove
the MMOTSs’ metric properties. Finally, we show that the generalized triangle inequality of
this family of MMOTSs cannot be improved. We illustrate the superiority of our MMOTSs
over other generalized metrics, and over non-metrics in both synthetic and real tasks.
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1 Introduction

Let (Ql,]-'l,pl) and (92,.7-'2,p2) be two probability spaces. Given a cost function
d : Q'xQ?* - R2% and # > 1, the (Kantorovich) Optimal Transport (OT) problem (Kan-
torovich, 1942) seeks:

;
inf< / dfdp> , subject to: / dp =p? and/ dp =p', D
P QIxQ? Q! Q2

where the inf is over measures p on Q' x Q2. Problem (1) is typically studied under the
assumptions that Q! and Q2 are in a Polish space on which d is a metric, in which case
the minimum of (1) is the Wasserstein distance (WD). The WD is popular in many appli-
cations including shape interpolation (Solomon, 2015), generative modeling (Arjovsky
et al., 2017; Fan et al., 2017), domain adaptation (Damodaran et al., 2018), and dictionary
learning (Schmitz et al., 2018). The WD is a metric on the space of probability measures
(Ambrosio & Gigli, 2013), and this property is useful in many ML tasks, e.g., cluster-
ing (Xing et al., 2003; Hartigan, 1975), nearest-neighbor search (Clarkson, 1999, 2006;
Beygelzimer et al., 2006), and outlier detection (Angiulli & Pizzuti, 2002). Indeed, some
of these tasks are tractable, or allow theoretical guarantees, when done on a metric space.
E.g., finding the nearest neighbor (Beygelzimer et al., 2006; Clarkson, 1999, 2006) or the
diameter (Indyk 1999) of a dataset requires a polylogarithimic computational effort under
metric assumptions; approximation algorithms for clustering rely on metric assumptions,
whose absence worsens known bounds (Ackermann et al., 2010); also, (Mémoli, 2011)
uses the metric properties of the WD to study object matching via metric invariants.

Recently, a generalization of OT to multiple marginal measures has gained attention.
Given probability spaces (', F,p"), i=1,...,n, a function d : Q! X -+ X Q" > R0,
a number £ > 1, and QV 2 Q! x ... x Q71 x Q! x ... x Q", Multi-Marginal Optimal
Transport (MMOT) seeks:

p

1
G A
inf</ dfdp> , subject to: dp=pi=1,...,n, 2
QX xQn QN

where the infimum is taken over measures p on Q' X --- x Q". The term MMOT was
coined in Pass (2012), and was surveyed by the same authors in Pass (2015).
Unfortunately, there is a lack of discussion about the (generalized) metric properties of
MMOT. Much of the discussion on MMOT has focused on the existence of a minimizer,
the uniqueness and structure of both Monge and Kantorovich solutions, applications, prac-
tical algorithms, and the choice of the cost function (Gerolin et al., 2019; Moameni & Pass,
2017; Pass, 2014; Peyré & Cuturi, 2019). Since the metric property of the WD is useful
in many applications, understanding when the (potential) minimum of (2), W(p', ....p"),
a multi-way distance, has metric-like properties is critical. For example, metric properties
can improve distance-based clustering, so too can generalized metrics improve clustering
based on multi-way distances. A precise definition of generalized metrics and of the gener-
alized triangle inequality that these must satisfy is presented in Sect. 2. Later, in Sect. 5, we
illustrate the improvement in using metrics on a task of clustering chemical compounds.
Importantly, several algorithms in Xing et al. (2003), Hartigan (1975), Clarkson (2006),
Clarkson (1999), Beygelzimer et al. (2006), Angiulli and Pizzuti (2002), Indyk (1999),
Ackermann et al. (2010), and more, which use distances including WD as input, have guar-
antees if the distances are metrics. They extend to feeding off multi-distances, and hence
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can use MMOT, and have guarantees under generalized metrics similar to those under clas-
sic metrics. We now exemplify these extensions, and their potential applications:

Example 1 Given a set § with n distinct distributions we can find its 3-diameter
A £ max, . e W', p?.p?) with (;’) evaluations of W. What if W satisfies the gener-
alized triangle inequality WHE3 < W23 a3 L W24 where WWE 2 Wi, p/, p*)?
Let A =Wp*', p*2,p*®) for some p*',p*?,p*® and let us extend the notation WY*
such that e.g. Wik & W(pi,p*j,pk). We can now show that for at least n/3 distri-
bution triplets W > A/3. Indeed, for all p* €S, we cannot simultaneously have
W3 YAl YA rlasd o A /3 Therefore, if we evaluate VA on random distribution tri-
plets, the probability of finding a triple for which W > A/3is at least Q(1/n%)". Hence, we
are guaranteed to find a approximation A’ of A that satisfies A > A’ > A/3 (also called a
(1/3)-approximation) with only O(n?) evaluations of W on average, an improvement over
(") Diameter estimation relates to outlier detection (Angiulli & Pizzuti, 2002) which is

3
critical e.g. in cybersecurity (Singh & Upadhyaya, 2012).

Example2 Let S be as above. We can compute the average A 2 ¥, . 5 Wp'.p%.p*)/(})
with (Z) evaluations of . We can estimate A by averaging WV over a set with O(n?) distinct
triplets randomly sampled from S, improving over ().

If W is a generalized metric, an argument as in Example 1 shows that with high prob-
ability we do not miss triplets with large VW, which is the critical step to prove that we
approximate A well. Average estimation is critical e.g. in differential privacy (Dwork and
Lei 2009).

Example 3 Let S be as above. Consider building an hypergraph with nodes S and hyper-
edges defined as follows. For each distinct triplet (p', p?, p?) for which W(p!,p?,p®) < thr,
a constant threshold, include it as an hyperedge. Hypergraphs are increasingly impor-
tant in modern ML, specially for clustering using multiwise relationships among
objects (Ghoshdastidar & Dukkipati, 2015; Purkait et al., 2016). Let WV satisty the tri-
angle inequality in Example 1 and be invariant under arguments permutations. Let
us again define W@',p/,p*) = W One can prove that, for any p! p? p?, and p*,
W23 > max (W24 WS4 R34 R34 L34 124 133 pplad R34y
We can use this inequality to quickly ignore triplets with large W3 without evaluating
them: plug into it already computed values for W"# W34 234 o this for multiple p*
to try to maximize the r.h.s, and check if the r.h.s. is larger than thr.

In this paper, we show that an important family of pairwise MMOTs defines a general-
ized metric. The idea and advantages of using pairwise-type MMOTs is not new. Previous
work Altschuler and Boix-Adsera (2020), Altschuler and Boix-Adsera (2021), Benamou
et al. (2015, 2016), Fan et al. (2022), Haasler et al. (2021), Haasler et al. (2021), however,

! The asymptotic notation used in this paper is as follows: f(1n) = O(g(n)) denotes an asymptotically tight
upper-bound on f(n), i.e., there exist M,n, > 0 such that 0 < f(n) < Mg(n) for all n > ny; f(n) = Q(g(n))
denotes an asymptotic lower-bound on f(n), i.e., there exists m,n, > 0 such that 0 < mg(n) < f(n) for all
n > ny; f(n) = ©(g(n)) denotes an asymptotically tight bound on f(n), i.e., there exist m, M, n, > 0, such
that 0 < mg(n) < f(n) < Mg(n) for all n > n,. This notation is standard and can be found, e.g., in Cormen
et al. (2009, Chapter 3).
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uses them to make a point about concepts other than their metric properties. Most often,
the focus is on the polynomial computability of MMOT under extra assumptions. To the
best of our knowledge, we are the first to study the generalized metric properties of families
of pairwise MMOT. There are many applications of MMOT, and of pairwise-type MMOT
more specifically. In addition to the applications referenced in the aforementioned papers,
the survey (Pass, 2015) lists applications in economics, physics, and financial mathemat-
ics. Specific examples of applications that use pairwise MMOT and that may benefit from
the generalized metric properties we prove are locality sensitive hashing, labeling problem
in classification, image registration, multi-agent matching (Li & Anantharam, 2019), and
optimal coupling of multiple random variables (Angel & Spinka, 2019).

The rest of this paper is organized as follows. We first explain the difficulty of proving
this via two negative results (Sects. 3.1 and 3.2). We present our main results on the gen-
eralized metric properties of this family of pairwise MMOT’s in Sect. 3.3. We present a
proof for a simple case to illustrate the key ideas of the main proof in Sect. 4. Finally, with
various numerical examples we show that a MMOT from our family, and which defines an
n-metric, improves the task of clustering graphs.

2 Definitions and setup

Lists We write s, ..., 5, as 51,4, Q', ..., Q as Q" and A| as A .Notethat A ., dif-
fers from A . Assummg Sp > Sp, then we have A ., = AYl Av,+1’Av 2 DA By 1tself
: i has no meanlng, and it does not mean 1, ..., 1. Forz e N, welet[i] 2 {1 }
Generalized inner-product Given two equi- multldlmenswnal arrays A and B, and Z eN,
we define

Q]

(A’B>f 2 Z(Asltk)stl:k = Z Z(Asl,4..,.S'k)stl,“.,Sk’

81k 5=l 5=l

where (-)’ is element-wise Zth power. Later on, A will be an array of distances and B will
be an array of probabilities.

Probability spaces To facilitate exposition, we state our main contributions for probabil-
ity spaces with a finite sample space in €, an event set o-algebra which is the power set of
the sample space, and a probability measure described by a probability mass function. We
refer to probability mass functions using bold letters, e.g. p, g, r, etc.

When talking about n probability spaces, the ith space has sample space

i = {Ql . } € Q, an event space 2%, and a probability mass function p’, or ¢’, or r/, etc.
Variable || is the number of atoms in Q'. Symbol pi denotes the probability of the atomic
event {Q!}. Without loss of generality (w.l.o.g.) we assume p’ > 0,Vi € [n],Vs € [|Q]].
Our notation assumes that atoms can be indexed, but our results extend beyond this
assumption. W.Lo.g., we assume that Q' = Q’if and only if s = 7.

Symbol p": denotes a mass function for the probability space ‘with sample space
Qi X -+ x Q' and event space 2> In particular, p{* (i.e. p{” ") is the probability
of the atomic event {(Q’ o, QU )} We use pirbi to denote a probablhty mass function
for the probablhty space Wlth sample space Qi1 X --- X Qi, and event space 22Xk gych
that p"i & p;‘l Dl /pﬁI ,i.e. a conditional probablhty

Syt Skl
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Definition 1 (Gluing map) Consider a mass function g* over Q and n — 1 conditional mass
functions {g"*} ¢ ) OVer {Q'}icpu 1)- The map G, that is called a gluing map, defines the
mass function p over Q! x --- X Q" as

P =6(¢" ™ Yicpn11)- ®)

To be more specific, p, = qfk [lician q’sllk.

Distances and metrics We use “distance” to refer to an object that, depending on extra
assumptions, might, or might not, have the properties of a (generalized) metric. For a met-
ric we use the standard definition, and for generalized metrics we use the definitions in
Kiss et al. (2018).

The definition in Kiss et al. (2018) is the same as ours but is expressed in a slightly dif-
ferent form. In particular, the C(n) in our Definition 3 will correspond to 1/K,, in Kiss et al.
(2018). Also, Kiss et al. (2018) expresses their generalized triangle inequality by replac-
ing the rth variable inside a multi-distance with a new variable, while in our definition
we remove the rth variable and append a new variable at the end of the argument’s list.
Given that both definitions also require permutation invariance of arguments to the multi-
distance, these two definitions are equivalent.

Finally, our notions of metric and generalized metric are more general than usual in
the sense that they support the use of different distance functions depending on the spaces
from where we are drawing elements. This grants an extra layer of generality to our results.

Definition 2 (Merric) Let {d"/},;; be a set of distances of the form d" : Q' x Q¥ R
and d"(Q, Q)2 l;’, We say that d is a metric when, for any i, j, k, and any

se[lﬂ’l]reuwurenﬂkn we have: () dl>0: @ di=dy O
4 = 0iff @ = Qs @) do) < &Pk +dyY.

Definition 3 (Generallzed metric) Let {d': ”}i B be a set of distances of the form
diin 2 Qi X - X Qi > R and dn: H(Q ! Q’k) = d;". We say that d is an (n, C(n))-met-
ric when, for any i;.,,,and 5., w1ths € |Q’ 1 Vr E [n + 1], we have: (1) d" " >0; (2)
din = d(’(l‘ ") for any  permutation o; 3)d" =0 1ff§2’ = Q Vr te [n]; 4)

Stin : . P .
C(nyd, " < Z’,Ll T
Definition 4 (Generalized metric on distributions) Let YV be a map from n probability
spaces to R such that W 2 W(p'i=) is the image of the probability spaces with indices
i\.,. For any n + 1 probability spaces with samples Q!*"*! and masses p!*"*!, and any per-
mutation oWV is an (n, C(n))-metric if: (1) Wh" ZOn @ Wt = 0iffpt = pl,
Qi — Qj, Vl,], (3) WI ,,,,, no_ W(l’“"n); (4) C(n)Wl’“’n S Z Wl,.4,r—1,r+1,..,n+1.

r=1

Remark 1 Equalities p' = p/ and Q' =/, mean that [Q'| = ||, and that there exists a
bijection 5%(-) from [|Q/[] to [|€|] such that p =p2,._](s) and Q! = Q’bu.(s), Vs e [|Q]]
Remark 2 The inequality in the property 4 in Definition 4 is the generalized triangle ine-
quality. Figure 1 depicts a geometric analogy for the generalized triangle inequality. Just
like the measure (length) of one of the sides of a triangle is always smaller than the sum of
the measure of the two other sides, the measure (area/volume/etc) of one of the facets of
a simplex is always smaller than the sum of the measure of the other facets. The constant
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4 4
W124 W423 1W3

«\\\\\\&44

Fig. 1 Geometric analog of the generalized triangle inequality: the total area of any three faces in a tetrahe-
dron is greater than that of the fourth face

C(n) is included in our definition so that we later can prove that a stronger inequality than
C(n) = 1holds.

We abbreviate (n, 1)-metric by n-metric. In our setup, the inf in (2) is always attained
(recall, finite-spaces) and amounts to solving an LP. We refer to the minimizing distribu-
tions by p*,q*,r*, etc. We define the following map from n probability spaces to R. The
definition below amounts to (2) when p’s are empirical measures.

Definition 5 (MMOT distance for finite spaces) Let {d’l "} . be a set of distances of the
form din : Qi X - X Qir > Rand d'#(Q), ..., Q%) 2 di'"."The MMOT distance associ-
ated with {dim }i for n probability spaces w1th masses p’1 n over Qi s

Hp

W) 2 Win = min dvor E, 4
(p ) r:ris=pisVs€[n] < >£ ( )
where r is a mass function over Q11 X --- x Q% and r’ be the marginal probability of r on
Qs,

Remark 3 Solving (4) amounts to solving a linear program when # = 1, and to solving a
convex optimization problem when # > 1 and d is non-negative. Solving a linear program
can be done in polynomial time in the number of variables (Karmarkar, 1984). However,
for general MMOT, the number of variables is exponential in the number of marginals
n and their support sizes k, which makes the overall run time be poly(k"). Even approxi-
mately solving MMOT in some general instances is NP-hard. However, under certain
structural assumptions on the input costs/distances, we can get tractable algorithms (Alts-
chuler & Boix-Adsera 2021; Lin et al., 2022).

3 Main results

To prove that MMOT leads to an n-metric, it is natural to extend the ideas in the classi-
cal proof that WD is a metric. The hardest property to prove is the triangle inequality. Its
proof for the WD follows from a gluing lemma and the assumption that d itself is a metric
(Definition 2). Our hope is that we can prove the triangle inequality for MMOT if we can
prove (a) a generalized gluing lemma and assume that (b) d is a generalized metric. Unfor-
tunately, and as we explain in Sects. 3.1 and 3.2, (a) is not possible, and (b) is not sufficient.
This requires developing completely new proofs.
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3.1 The gluing lemma does not generalize to higher dimensions

The gluing lemma used to prove that WD is a metric is as follows. For its proof see Ambro-
sio and Gigli (2013), Lemma 2.1.

Lemma 1 (Gluing lemma) Let p'3 and p*® be arbltrary mass functions for Q' x Q* and
Q2 x Q3, respectively, with the same marginal, p?, over Q3. There exists a mass function
rb23 for Q! x Q% x Q3 whose marginals over Q' x Q° and Q* x Q* equal p'> and p*3
respectively.

The way Lemma 1 is used to prove WD’s triangle inequality is as follows. Assume d is

a metric (Definition 2). Let £ = 1 for simplicity. Let p*'2, p*', and p**> be optimal trans-

ports such that W2 = <p*12 d12> W = (p*13,d'3), and VV23 (p*>?,d*3). Define

r'?3 asin Lemma 1, and let '3, 73, and r'-2 be its bivariate marginals. We then have
a2 1o\ 12 412 123 512
<p’d> < <r,’d’>=25tdst stld
s,t sl
d is metric

< Z :?ls(dl 3 +d23 <I’l’3,dl’3> + <r2'3,d2'3>

st

Lem=mal<p*1,3’d1,3> " <p*2’3,d2’3>.

Our first roadblock is that Lemma 1 does not generalize to higher dimensions. For simplic-
ity, we now omit the sample spaces on which mass functions are defined. When a set of
mass functions have all their marginals over the same sample sub-spaces equal, we will say
they are compatible.

134 2,34

Theorem 1 (No gluing) There exists mass functions p'>*, p'>*, and p
marginals such that there is no mass function r>>* compatible with them.

with compatible

Proof 1If this were not the case, then, by computing marginals of the mass functions in the
theorem’s statement, it would be true that, given arbitrary mass functions p'?, p'*, and
p>3 with compatible univariate marginals, we should be able to find r!>? whose bivariate
marginals equal these three mass functions. But this is not the case. A counter example,
taken from Remark 3 in Haasler et al. (2021), is given below. For example, let

2_13_1|10 231101
Pr=Epm =501 4 P =G|

These marginals have compatible univariate marginals, namely, p! =p? =p3 =[1,1]/2.

Yet, the following system of eqs. over {r ik }, Jkepzy 18 easily checked to be infeasible

123 . 123 _ 23 . 123 _ 13
(rw.’k ZOVZ,],k)/\( E ri =P VJ,k)/\( E re =P Vl,k)
i J
1,23 12 v+
< E Iy =D Vz,]>.
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Fig.2 Sample space Q, mass p3 =(1/2,1/2)
functions {p’ }?:], and cost func- le °
tion d that lead to violation (5). . p3 = (1/27 1/2)
Red triangle is p'. Blue star is DA n _ (1/2 1/2)
p?. Green squares are p°. Yellow ) - A
circles are p* = (1/2,1/2) 572
}7% ! 1/2 0<ex1
2 7 2
1/2 0<ex1 Pe 1 i
P’ ] d(z,y,z) = Area
1 of triangle(z, y, z)

Remark 4 1t might be possible to obtain a generalized gluing lemma if, in addition to
requiring consistency of the univariate marginal distributions, we also require consist-
ency of the (n — 1)-variate marginal distributions. We leave studying properties of MMOTs
defined with additional k-variate marginal consistency constraints as future work.

3.2 Cost d being an n-metric is not a sufficient condition for MMOT to be an n-metric

Theorem 1 tells us that, even if we assume that d is an n-metric, we cannot adapt the classi-
cal proof showing WD is a metric to MMOT leading to an n-metric. The question remains,
however, whether there exists such a proof at all only under the assumption that d is n-met-
ric. Theorem 2 settles this question in the negative.

Theorem 2 Let W be MMOT distance as in Definition 5 with € = 1. There exists a sample
space Q, mass functions p', p?, p*, and p* over Q, and distance d : Q X Q X Q +— R such
that d is an n-metric (n = 3), but

Wl,2,3 > Wl,2,4 + W1,3,4 + W2'§4 (5)

Proof Let Q be the six points in Fig. 2, where we assume that 0 < ¢ < 1, and hence that
there are no three co-linear points, and no two equal points. Let p', p%,p3, and p* be as in
Fig. 2, each is represented by a unique color and is uniformly distributed over the points of
the same color. Given any x,y,z € Q let d(x,y, z) = y if exactly two points are equal, and
let d(x, y, z) be the area of the corresponding triangle otherwise, where y lower bounds the
area of the triangle formed by any three non-co-linear points, e.g. y = ¢/4. A few geomet-
ric considerations (see Appendix 1) show that d is an n-metric (n = 3, C(n) = 1) and that

(5)holdsas%>é+(§+§)+<é+§). 0

Remark 5 Theorem 2 can be generalized to spaces of dimension > 2, and to n > 3, and
> 1

3.3 A new family of pairwise MMOTs that are generalized metrics

We will prove that the properties of a generalized metric (Definition 4) hold for the novel
family of MMOT distances defined as follows.
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Deﬁnltlon 6 (Pairwise MMOT dzstance) Let {d’J} be a set of distances of the form
dv : QxR and d’J(Q’ Q ) . The Pazrwzse MMOT dzstcmce associated with
{d’=’} for n probability spaces with masses piinover Qi is W(pin) £ Wi with

Wi = Z <d’ s

r‘ _P‘ 1<s<t<n (6)
Vs € [n]

where r is a mass over Q1 X --- X Qi with marginals r’s and 7> over Q% and Qs x Q.

Remark 6 Note that each choice of {d/ };; results in a different MMOT. Our results in this
section hold for the whole family of such MMOTs.

Remark 7 Swapping min and ), gives a new definition Wp‘al’rs = Yi<sci<n Wi, where W
is the WD between Q' and Q. This is trivially an n-metric (cf. (Kiss et al., 2018)) but is
different from eq. (6). In particular, it does not provide a joint optimal transport, which is
important to many applications such as color transfer (Strossner & Kressner, 2022), tomo-
graphic reconstruction (Abraham et al., 2017), and robust localization and sensor fusion
(Elvander et al., 2020).

If n = 2, Definition 6 reduces to the Wasserstein distance. Our definition is a special
case of the Kantorovich formulation for the general MMOT problem discussed in Pass
(2015). Furthermore, if £ = 1, we can get pairwise MMOT (Definition 6) from general
MMOT (Definition 5), by defining di:» : Qi x --- X Q' > R such that

1

dil:n(wl:n)=( Z (dis,i,(ws’wt))f> , (7)

1<s<t<n

for some set of distances {d"/}, - However, if # > 1, choosing d'i» as in eq. (7) in Definition
5 does not lead to Definition 6, but rather to an upper bound of it. Indeed, with this choice
we get

min (d"‘i”,r>;/f = (8)

r:ris=p's, Vs€[n]

1/¢
min <2 2 (dis'i’(ws,w'))fr(wt"))

- i, i = (9)
rirs=p's, Vs€lnl wlin 1<s<t<n
1/¢
_min > X W) ' | = (10)
r:ris=p's, Vs€[n] 1<s2r<n i

riris=pisVs€[n]
P 1<s<t<n ws,w!

/¢
min ( Z Z (d5 W, W) rs i (w?, wt)) = (1)
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1/¢
: dis!i/ , I, 12
r:r"vinpiyvlse[n] ( Z < d >f) ( )

1<s<t<n

, o
<, min X (deh i) (13)

rirs=piVseln] 1<s<t<n

where the last inequality follows from Holder’s inequality.

It is easy to prove that if {d'/} i is a metric (Definition 2), then d is an n-metric (Defini-
tion 3). However, because of Theorem 2, we know that this is not sufficient to guarantee
that the pairwise MMOT distance is an n-metric, which only makes the proof of the next
theorem all the more interesting.

Theorem 3 [f d is a metric (Definition 2), then the pairwise MMOT distance (Definition 6)
associated with d is an (n, C(n))-metric, with C(n) > 1.

Proof The proof is presented in Appendix 1. a

We currently do not know the most general conditions under which Definition 3 is an
n-metric. However, working with Definition 6 allows us sharply bound the best possible
C(n), which would unlikely be possible in a general setting. As Theorem 4 shows, the best
C(n) is C(n) = O(n).

Theorem 4 In Theorem 3, the constant C(n) can be made larger than (n — 1)/5 for n > 17,
and there exists sample spaces Q''", mass functions p'*", and a metric d over QV" such
thatC(n) <n-—1.

Proof The proof is presented in Appendix 4. O

Remark 8 Note that if Q' =Q,Vi and d:QXx--XQ+— R such that
dw'™) = min,cq X g, @2, w) and d'? is a metric, then d is an n-metric (Kiss et al.,
2018). One can then prove, see Carlier and Ekeland (2010), that Definition 4 is equivalent
to Wp''") = min, Zse[n] W(p*,p), which is also called the Wasserstein barycenter dis-
tance (WBD) (Agueh, 2011). The later definition makes W(p'") a Fermat n-distance as
defined in Kiss et al. (2018, Proposition 3.1), from which it follows immediately via this
same proposition that it is an n-metric with C(n) = ©(n). The pairwise MMOT is not a Fer-
mat distance, and Theorems 3 and 4 do not follow from (Kiss et al., 2018). Hence, a novel
proof strategy is required.

In the next section, we give a self contained proof that the generalized triangle inequal-
ity holds with C(n) = 1 for n = 3 when d is a metric. This proof contains the key ideas
behind the proof of the triangle inequality in Theorems 3 and 4. Proving the generalized
triangle inequality for a general n, and a large C(n), is the hardest part of these theorems,
compared to proving the other properties required by generalized metrics.
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4 Proof of the generalized triangle inequality forn = 3,7 =1,
andC(n) =1

We will prove that for any mass functions p!,...,p* over Q!, ..., Q% respec-
tively, if dV:Q' xQ R is a metric for any i,j€{l,...,4},i#j, then
WIS <124 L ldd 4 R34

‘We write this inequality more succinctly as

W23 < W L W2 4 WAL (14)

using a symbol W\" whose meaning is obvious. We begin by expanding all the terms in
(14),

W23 = <d1’2,p*1’2> + <d1’3,p*1’3> + <d2'3,p*2’3>,

and,
W\3 + W\2 + W\l — <d1,2’p*(3)1'2> + <d1,4,p*(3)1'4> + <d2,4’p*(3)2'4>

+ <d1,3 p*(2>"3> " <d1,4 p*(2)““> " <d3,4 p*(2)3"‘>
+ <d2,3’p*(1>2’3> " <d2’4,p*(1)“> " <d3’4,p*(1)3'4>,

where {p*_iJ } are the bivariate marginals of the optimal joint distribution p*!*3 for W! 23,
and {p*"} are the bivariate marginals of the optimal joint distribution for WV,

Now we define the following probability mass function on Q! X --- X Q*, namely p
such that

12,34
B

*QM L@ p*(l)“
1,234 _ 4% su Lu tu - (15)

Pgriw =P,
2 4 2
l p, p, P,

Notice that this definition is such that its bivariate marginals match the optimal bivariate
marginals of each of the terms in the generalized triangle inequality. Recall that w.l.o.g.
we assume that no element in Q' has zero mass, so the denominators are not zero. Since
the bivariate probability mass functions p'2,p'3, and p>3 of p'23* are feasible but sub-
optimal choices of minimizers in Eq. (6) in Definition 6, we have that

W23 < <d1,2’p1,2> " <d1’3,p1’3> " <d2’3,p2’3>. (16)
It is convenient to introduce the following more compact notation w;; = (d",p/) and
Ww " <di,i p*(’)”>, Notice that, for any i, j, k and r, we have w;; <w;; +w;;, and
w*/ o SW; e »t w] s This follows directly from the assumption that {d"/} are metrics.

Let us prove that wy , < w4 +wyy

—_ 1,2..1,2 1,2,.1,24 1,4 2,451,244
Wu—zdwl’s, strpm <Z(d +d P = Wiat Wy 17)
S,

s,1,1 sl

Similarly, w) 3 < wy 4 + w34, and w, 3 < w, 4 + wy 4. Combining these inequalities and (16)
we can write W' < Winp+wig+wys S (Wt wyyg)+(wpg+wig)+ Wy +wsy)
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Note that by construction, the bivariate marginals of p'234 in (15) satisfy p'# = p*@",
T4 24
p* =p*@" and p** = p*V” Hence,
1,2,3 * * * * * *
WIS Wiaa t Woa ) t Wlag) T Waa@) T Woq0) T Wag)- (18)

Using the new notation, we can re-write the r.h.s. of (14) as

\3 A2 N\ * * *
WY+ WY+ WY = (W5 6+ Wiaz) + Waua) (19)

130 TW

+(w 14,2

* * *
+ w3’4,(2)) + (W2,3,(1) +w +

2am W4

To finish the proof we show that the r.h.s. of (18) can be upper bounded by the r.h.s. of
(19). We use the triangular inequality of w?. = and apply it to the 1st, 4th, and 5th terms on

i:J»(k)
the r.h.s. of (18) as specified by the parenthesis:

Wia@ FWaaa) T Waa) ¥ Wig0) + Wy, gy +W5,0)
% % * * * *
S (Wiaa) T Waaz) T Waaa) T Wigg) + W0 +Wiy0)

* * *
+(Was ) FWia0) T W30

and observe that the terms in the r.h.s. of this last inequality are accounted for on the r.h.s.
of (19).

Note that this last step, figuring out to which terms we should apply the triangular ine-
quality property of w* such that we can “cover” the r.h.s. of (18) with the r.h.s. of (19),
is critical. Also, the fact that we want to prove the MMOT triangle inequality holds for
C(n) = O(n) makes the last step even harder. To address this, in the proofs of Theorems 3
and 4 (presented in the Appendix) we develop a general procedure and special hash func-
tions to expand (using the triangle inequality) and to match terms.

5 Numerical experiments

We show how using a MMOT that defines an n-metric (n > 2) improves two tasks of clus-
tering graphs compared to using a non-n-metric MMOT or an optimal transport (OT) that
defines a 2-metric. One clustering task, Sect. 5.2, is on synthetic graphs. The other one,
Sect. 5.3, is a real task of clustering chemical molecules.

5.1 Multi-distance based clustering

We use the same clustering strategy for both tasks. We cluster graphs by (i) computing
their spectrum, (ii) treating each spectrum as a probability distribution, (iii) using WD and
three different MMOT’s to compute distances among these distributions, and iv) feeding
these distances to different distance-based clustering algorithms to recover the true cluster
memberships, as illustrated below. We give details of each step in our procedure next.
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Spectra Graph of graphs’ spectra ‘ Clustering
4 P Hyper-graph cut via
) L I | P Ni-Cut & TTM
p P we(pl 2 2h)

: P p :
‘ ) : : P p'.p’ .
PP ")
3 ) "
1 1 . i
] W) e————- 01PN CUL Vid
S T - spectral clustering

To produce the spectra, we transform the set of graphs {G'}; into vectors {v'}; to be
clustered. Each V' is the (complex-valued) spectrum of a matrix M’ representing non-back-
tracking walks on G', which approximates the length spectrum u' of G' (Torres et al., 2019).
Object 4’ uniquely identifies (the 2-core (Batagelj & Zaver$nik, 2011) of) G’ (up to an iso-
morphism) (Constantine & Lafont, 2019), but is too abstract to be used directly. Hence, we
use its approximation v'. The length of v/ and v/ for equal-sized G’ and G/ can be different,
depending on how we approximate x'. This motivates the use distance-based clustering and
OT (multi) distances, since OT allows comparing objects of different lengths. Note that
unlike the length spectrum, the classical spectrum of a graph (the eigenvalues of e.g. an
adjacency matrix, Laplacian matrix, or random-walk matrix) has the advantage of having
the same length for graphs with the same number of nodes. However, it does not uniquely
identify a graph. For example, a star graph with 5 nodes and the graph that is the union of a
square with an isolated node are co-spectral but are not isomorphic.

To produce the (hyper) graph of graphs’ spectra we need (hyper) edges and edge-
weights Each V' from the previous step is interpreted as a uniform distribution p’ over

I = {v k=1,...,}. To produce the graph of graphs’ spectra, we compute a sampled ver-
sion TA of the matrix T* = {W"},;, where W is the WD between p’ and p/ using a d*/
defined by d"’ v — v’ | We produce three different hyper-graph of graphs’ spectra using
different MMOTS We compute a sampled version 78 of the tensor 7% = {W/W4} . ks Where
W+ is our pairwise MMOT defined as in Definition 6 with d*/ defined as for T,. We also
compute a sampled version 7€ of the tensor 7€ = { W/ k}w’k, where W9# is the barycenter
MMOT defined as in Remark 8 with the d'/ as before. Finally, we compute a sampled ver-
sion 7P of the tensor 7P with TD X = W9 where W¥* is the non-n-metric defined in The-
orem 2, but now considering pomts in the complex plane. The sampled tensors 78, 7€, and
7P are built by randomly selecting z triples (i, j, k), z = 100 in the synthetic experiments
and z = 600 in the real experiments, and setting TB = Tf’/ o TC = TC and TD = TD
The non-sampled triples are given a very large value The sampled matr1x TA 1s bu1lt by
sampling (3/2) X z pairs (i, j) and setting TA TA and setting a large value for non-sam-
pled pairs. All (multi) distances W and W, amount to solving a linear program, for
which we use CVX (Grant & Boyd, 2008, 2014).

To obtain clusters, we feed the weighted (hyper) graphs specified by 74, 78, 7€, and 7P,
to different (hyper) graph-cut algorithms. We feed the matrix of distances 7 to a spectral
clustering algorithm (Shi & Malik, 2000) based on normalized random-walk Laplacians
to produce one clustering solution, which we name C*. We feed the multi-distances YA“B, 7c
and 7P to the two hypergraph-based clustering methods NH-Cut (Ghoshdastidar & Dukki-
pati, 2017a) and TTM (Ghoshdastidar & Dukkipati, 2015, 2017b). These produce different
clustering solutions which we name CB! and B2, C°! and C®2, and CP! and C™? respectively.
Both NH-Cut and TTM find clusters by (approximately) computing minimum cuts of a
hypergraph where each hyperedge’s weight is the MMOT distance among three graphs.
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Fig.3 Comparing the effect that different distances and metrics have on clustering synthetic graphs. Histo-
gram with dashed outline is for non-n-metric, with solid outline for barycenter, and with dotted outline for
pairwise MMOT

Both NH-Cut and TTM require a threshold that is used to prune the hypergraph. Edges
whose weight (multi-distance) is larger than a given threshold are removed. This threshold
is tuned to minimize each clustering solution error. We code all clustering algorithms to
output N clusters, the correct number of clusters.

To compute the quality of each clustering solution, we compute the fraction of miss-
classified graphs. In particular, if for each x € { A, B1, B2,C1, C2, D1, D2 }, we define
C*(i) = k to mean that clustering solution C* assigns graph G' to cluster k, then the error in
solution C* is

N

. 1 round tru H X 7
min — 3 CEG) = C (i), (20)

i=1

where N is the number of clusters, and the min over all permutations ¢ of the elements
{1,...,N} is needed because the specific cluster IDs output have no real meaning. This
value is computed 100 times (with all random numbers in our code being drawn indepen-
dently among experiments) so that we can report an histogram of errors, or error bars, for
each method.

The complete code for our experiments can be found here https://github.com/bentoayr/
MMOT.

5.2 Synthetic graphs dataset

We generate seven synthetic clusters of ten graphs each by including in each cluster mul-
tiple random perturbations — with independent edge addition/removal with p = 0.05 — of
a complete graph, a complete bipartite graph, a cyclic chains, a k-dimensional cube, a K-
hop lattice, a periodic 2D grid, or an Erd6s-Rényi graph. A random class prediction has a
0.857 error rate. To recover the class of each graph, we follow the procedure described in
Sect. 5.1. In Fig. 3 we show the distribution of clustering errors using different (multi)-dis-
tances and clustering algorithms over 100 independent experiments. The mean error rates
are written in the legend box of each figure.

Figure 3-(left, center) show that, as expected, both TTM and NH-Cut work better when
hyperedges are computed using an n-metric, and that pairwise MMOT works better than
WBD.

Figure 3-(right) shows that clustering using only pairwise relationships among graphs
leads to worse accuracy than if using triple-wise relationships as in Figs. 3-(left, center).
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Table 1 The mean error rates for clustering of synthetic graph datasets for different MMOT metric and
non-metric distances, with and without injected triangle inequality violation, are shown

With viola- Clustering Pairwise WBD Non-n-metric Clustering Pairwise WBD Non-n-metric
tions?

No NH-Cut  0.615 0.623 0.707 TT™ 0.617 0.622 0.694

Yes NH-Cut  0.632 0.632 0.704 TT™ 0.627 0.634 0.696

Triangle inequality violations in WV degrades clustering performance with n-metrics more than with non-n
-metrics

The results in Fig. 3-(right) are similarly bad to the results one obtains when use the
MMOT explained in Remark 7, which does not give joint transports and is trivially an n
-metric. Indeed, both TTM and NH-Cut are based on spectral clustering of the hypergraph
weight tensor by first reducing it to a matrix via “summing out” one of the dimensions and
then using regular spectral clustering techniques. At the same time, if tensor a T ;; satisfies
T = Wi+ Wi + W, for some distances W, ;, the matrix obtained via such reduction
has spectral properties close to those of W, ;.

5.2.1 Injection of triangle inequality violations

To double check that this difference in performance is due to the n-metric properties of
pairwise MMOT and WBD, we perturb W to introduce triangle inequality violations and
measure its effect on clustering accuracy.

To introduce triangle inequality violations, we perturb the tensor W* as follows. For
each set of four different graphs (i, j, k, [), we find which among WK W WK NI e
can change the least to produce a triangle inequality violation among these values. Let us
assume that this value is YW, and that to violate W& < W 4 WHE L WK the quan-
tity W needs to increase at least by &, where 6 = W9 4 W/ L WK _ W0k We then
increase W by 1.3 x 6. We repeat this procedure such that, in total, 20% of the entries of
the tensor WV get changed.

Table 1 shows the effect of adding violations on the mean error rate for different MMOT
distances. These violations clearly affect pairwise MMOT and barycenter-MMOT (both n
-metrics), but do not have an impact on non n-metric distances.

5.2.2 Reproducibility

Our code is fully written in Matlab 2020a. It requires installing CVX, available in http://
cvxr.com/cvx/download/.

To produce Fig. 3 open Matlab and run the file run me for synthetic
experiments.m. To produce the numbers in the second row of Table 1, run the same
file but with fraction viol = 0.2; strength of viol = 0.3;. Note that
the numbers in the first row of Table 1 are the mean values in Fig. 3. The call to run _me
for synthetic experiments.m takes 26 hours to complete using 12 cores, each
core from an Intel(R) Xeon(R) Processor E5-2660 v4 (35M Cache, 2.00 GHz). Except for
the Weiszfeld.m file, all of the code was written by us and is distributed under an MIT
License. This license is described in the README . txt file at the root our repository. The
license for Weiszfeld.mis on the header of the file itself.

@ Springer


http://cvxr.com/cvx/download/
http://cvxr.com/cvx/download/

368 Machine Learning (2023) 112:353-384

" Hypergraph clustering via NH-Cut " Hypergraph clustering via TTM . Spectral clustering
pairwise MMOT (mean 0.526) 1 n-metric (mean 0.527) [T WD (mean 0.662)
5| F-non-n-mefric (mean 0.684) 5|2 non-n-mefric (mean 0.656) 2
a [ Ibarycenter (mean 0.645) 2 barycenter (mean 0.651) 2
2 .2 2
E E E
5] 153 1]
& & &
1S 15 1S
=] =] =]
= = =
2 2 2
10
£ g £
= = =
z Z Z
s s s
0 il B o P il ol
035 04 045 05 055 06 065 07 075 08 035 04 045 05 055 s 07 075 08 058 06 06 06 066 068 07 07
Fraction of miss-classified graphs Fraction of miss-classified graphs Fraction of miss-classified graphs

Fig.4 Comparing the effect that different distances and metrics have on clustering molecular graphs. His-
togram with dashed outline is for non-n-metric, with solid outline for barycenter, and with dotted outline for
pairwise MMOT

5.3 Molecular graphs dataset

This experiment is motivated by the important task in chemistry of clustering chemical
compounds, represented as graphs, by their structure (McGregor & Pallai, 1997, Seeland
etal., 2014, Wilkens et al., 2005). We use the molecular dataset in the supplementary mate-
rial of Sutherland et al. (2003), which can be downloaded at https://pubs.acs.org/doi/abs/
10.1021/ci034143r#_i21. It contains the adjacency matrices of graphs corresponding to
five types of compounds: cyclooxygenase-2 inhibitors (467 graphs), benzodiazepine recep-
tor ligands (405 graphs), estrogen receptor ligands (1009 graphs), dihydrofolate reductase
inhibitors (756 graphs), and monoamine oxidase inhibitors (1641 graphs).

To build our clusters, we randomly get ten graphs of each type, and prune them so that
they have no node with a degree smaller than 1. We note that, unlike for the synthetic data,
the molecular graphs have weighted adjacency matrices, whose entries can be 0, 1, or 2. A
random class prediction has 0.8 error rate. To recover the class of each graph, we follow
the procedure described in Sect. 5.1. We repeat this experiment 100 times, independently,
to collect error statistics.

In Fig. 4 we show the distribution of clustering errors using different (multi)-distances
and clustering algorithms.

Figure 4-(left, center) show that both TTM and NH-Cut work better when hyperedges
are computed using n-metrics, and Fig. 4-(right) shows that clustering using pairwise
relationships performs worse than using triple-wise relations. For the same reasons as
explained in Sect. 5.2, the results in Fig. 4-(right) are similarly bad to the results one would
obtain if we used the MMOT explained in Remark 7.

There is a starker difference between n-metrics and non-n-metrics than that seen in
Fig. 4, which we now discuss.

The number of possible 3-sized hyperedges is cubic with the number of graphs being
clustered. Thus, in our experiments we randomly sample z triples (i, j, k) and only for these
we create an hyperedge with weight Wk,

Figure 5 shows the effect of z (x-axis) on performance. Comparing more graphs, i.e.
increasing z, should improve clustering. However, for a non-n-metric, as z grows, triangle
inequality violations can appear that introduce confusion: a graph can be “close” to two
clusters that are far away, confusing TTM and NH-Cut. This compensates the benefits of a
high z and results in the flat curves in Fig. 5.
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Clustering molecules with metrics and non-metrics
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Fig.5 Hypergraphs are built by comparing molecules’ shapes using MMOT and creating hyperedges for
similarly-shaped molecule groups. With a non generalized metric, gains from using a richer hypergraph
(more hyperedges) are lost due to anomalies allowed by the lack of metricity (flat curves in green and red),
not so with a generalized metric (negative slope curves). The generalised metric studied (pairwise) leads to
a better clustering than previously studied metrics (barycenter). Error bars are the standard deviation of the
average over 100 independent experiments

5.3.1 Reproducibility

To produce Fig. 4 open Matlab and run the file run me for molecular
experiments.m. The call to run me for molecular experiments.m takes
31 hours to complete using 12 cores, each core from an Intel(R) Xeon(R) Processor
E5-2660 v4 (35M Cache, 2.00 GHz). Except for the Weiszfeld.m file and the molecular
dataset, all of the code was written by us and is distributed under an MIT License. This
license is described in the README . txt file at the root our repository. The license for
Weiszfeld.m is on the header of the file itself. The license for the dataset is described
on the README . txt file inside the dataset folder.

We contacted that authors (via email) about the use of their dataset and they have
informed us that there are no licenses attached to it, as long as we attribute it a citation.
This data contains no personally identifiable information nor offensive content.

6 Discussion and future work

In this paper, we have proved that for a general MMOT, the cost function being a gen-
eralized metric is not sufficient to guarantee that MMOT defines a generalized metric.
Nevertheless, we have shown that a new family of multi-distances that generalize optimal
transport to multiple distributions, the family of pairwise multi-marginal optimal trans-
ports (pairwise MMOT), leads to a multi-distance that satisfies generalized metric proper-
ties. This now opens the door to us using pairwise MMOT in combination with several
algorithms whose good performance depends on metric properties. In addition, we have
established coefficients for the generalized triangle inequality associated with the pairwise
MMOT, and proved that these coefficients cannot be improved, up to a linear factor.

Our results are for the pairwise MMOT family. In future work, we seek to find new suf-
ficient conditions under which other variants of MMOT lead to generalized metrics, and,
for certain families of MMOT, find necessary conditions for these same properties to hold.
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Finally, in future work we will also study how the structure of optimal coupling among
distributions induced by our MMOTs, i.e. the support of p*, compares with those of other
MMOTs, such as the Barycenter MMOT.

Appendix 1: Details for proof of theorem 2

Proof Note that Definition 3 supports using a different function d* for different product
sample spaces Q' x Q/ x QF. In the case of Theorem 2, however, we only use Q X Q X Q,
so, when checking the n-metric properties, we can drop the upper indices in d in Definition
3.

For simplicity, we will abuse the notation and use d(x,y,z) and dl.’].gk interchangeably,
where i, j, and k are the index of x, y, and z, in Q.

Given x,y,z,w € Q, it is immediate to see that (i) d(x,y,z) >0, (ii) d(x,y,z) is
permutation invariant, and that (iii) d(x,y,z) =0 if and only x=y =z (remem-
ber that there are no three co-linear points in Q). It is also not hard to see that,
d(x,y,z) <d(x,y,w)+dx,w,z) +dw,y,z). To be specific, if d(x,y,z) =0, then the
inequality is obvious. If d(x,y,z) = y, then without loss of generality we can assume that
x =y # z. In this case, if furthermore w = x, then d(x, w, 7) = ¥, and the inequality follows.
If w = z, then d(x,y,w) = y, and the inequality follows. If w is different from x, y, z then
y <d(x,w,7), and the inequality follows. If d(x, y,z) > y, it must be that x, y and z are differ-
ent. In which case we need do consider two special cases. If w is equal to one among x, y, z,
say w = x without loss of generality, then d(x,y, z) = d(y, z, w), and the inequality follows.
If w is different from x, y, z, then we have d(x,y,z) = d(x,y,w) +d(x,w,z) + dw,y,7)
if w is contained by the triangle formed by x, y, and z, and otherwise, we have
d(x,y,z) <d(x,y,w)+dx,w,z)+ dw,y, 7). In other words, d is an n-metric (n = 3).

Given a mass function p**, the value (di‘i’k, piJ*k> represents the average area of the
triangle whose three vertices are sampled from p’*. Computing the MMOT distance W" ok
for the mass functions p’, p/, p¥, amounts to finding the mass function p*i*/’k with univari-
ate marginals p’, p/, p* that minimizes this average area.

Now consider p', p?, p>, and p* as depicted in Fig. 2-(left). The mass functions p!, p>
assign probability one to each one of the blue and red points, and zero probability to every
other point in Q. The mass functions p> and p* assign equal probability to each one of the
green points, and orange points, respectively, and O probability to other points in Q.

Now we compute the distances W"*?, W24 W!34 and W4 The MMOT dis-
tance W' is equal to the average of the area of the two shaded triangles in Fig. 6-
(left), which is W' =0.5x (0.5) + 0.5 x (0.5) = 0.5. The distance W'>* is equal
to the average of the area of the two shaded triangles in Fig. 6-(right), which is
W24 = 0.5 % (0.5¢) + 0.5 X (0.25 — 0.5¢) = 0.125.

The MMOT distances for W"** and W>** are the same by symmetry. We focus on the
computation of W>**, Since both p* and p> are uniform over their respective supports, it
must be the case that p*>>* — the optimal joint distribution in the computation of W34 _
has a bi-variate marginal p*34 of the form

*3, %3, #3, %3, 1 1
{{p :l"jvp ;j}s{P ?;’P ;,3}} = {{a’z_a}v{z_aaa}}’
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Fig.6 (Left) Triangles associated with the optimal distribution of triples p*!>3 associated with W23 Red
square is p'. Blue circle is p?. Green starts are p>. (Right) Triangles associated with the optimal distribution

p*12* associated with W''*4, Red square is p'. Blue circle is p?. Yellow starts are p*

Fig. 7 Triangles associated with

the optimal distribution of triples

p*>3* associated with

Green squares are p>. Blue circle
is p?. Yellow starts are p*

where a € |0, %] Therefore, the distance W>># is equal to the weighted average of the area

of the four shaded triangles in Fig. 7, where we split the four triangles into two different
drawings for clarity sake.
In other words,

= g (o)

i (o) #o5) (1) (39 3o
{40+ MG - HD -

](hnear function of ) must be minimized at

S

i)

where we are using the fact that min

a€(0,
either extreme a = Qora = - It is finally easy to observe that
1 1 1 € 1 €
W3 =~ > — 4 (— + —) + <— + —) = WhH4 L34 234,
278 8 4 8 4

Appendix 2: useful lemmas

Lemma 2 Let p be as in Definition 1 eq. (3) for some q* and {q"* },e[n]\k Let p and
pk i # k be the marginals of p over Q' and Q' X QF, respectively. Let g*f = q'*g*, i # k,
and let ¢' be its marginals over Q!. We have that p' = ¢' Vi, and p™* = ¢"* Vi # k.

Proof Think of p as describing n discrete random variables (r.v.’s). It follows from the fac-

torisation in (3) that conditioned on the kth r.v. the other r.v.’s are independent. The result
follows. a
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Lemma 3 Let d be a metric and p a mass over Ql x - xQ". Let p" be the marginal
of p over Q' x Q. Define w;; = (d',p")’. For any i,j.k € [n] and ¢ € N we have that

Wi Swi+ Wy -

Proof Let p'/* be the marginal of p over Qf x Q/ x Q. Write
1/¢ 1/¢
ij piv\ /7 i\ ik i kjre ik
= () ) = (St ) < (Zaseann)
S,tr Str
Use Minkowski’s inequality on a L, space with measure p’/* to bound this by

1/¢ 1/¢
i ij.k kj ij.k
(Z(di’,]; fp.;,]t,r) + (Z(dr:;)fp.;,lt,r) = Wi,k + Wk,j

s,tr S,t,r

Appendix 3: proof of theorem 3

We will need the following hash function in this proof, as well as the useful Lemmas in
Appendix 1.

Special hash function

Definition 7 The map H" transforms a tuple (i, /), | <i <j < n, into either 2, 3 or 4 triples
according to

@) » H'(.j) = H{G@.)) & H53. ). 1)
where two tuples (respectively triples) are assumed duplicates iff all of their components

agree and

w o [ {Gn+ LRG0} Jfj=nai=1
HIG)) = { {(, ], h(@D)), G,n + 1,h())} ,if otherwise

and

we o {Gn+ 1,h())} jifi=j—1
oD = { (G hG)), G+ 1L, RGY)Y Lifi<j—1

h(-) is also a function of » but for simplicity we omit it in the notation. /(-) is defined as
h(i) = 1+ ((i —2) mod n). (22)

In what follows, the symbol @ denotes a list join operation with no duplicate removal, e.g.
{x,y} & {x,z} = {xy,x 2}

Lemma4 Let (a,b,c) € H'(,j)for1 <i<j<n.Then,1 <a<b<n+1,1<c<n, and
¢ & {a,b}. Furthermore, the set
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D s (23)

1<i<j<n

has no duplicates.

Proof The fact that ] <a<b<n+1 and that 1 <c¢ <n is immediate. To see that
c & {a,b}, we just need to notice that h(i) & {i,n+ 1} for i € [n]. The fact that
h(i) # n + 1 follows the range of & being [n]. If we had h(i) =i, then we would have
(i—2)mod n =i — 1, which is not possible. To see that (23) does not have duplicates, we
need to see that, starting from two different tuples, the different expressions that define the
triples that go into (23) can never be equal.

Givenl <i<j<n 1< <j <n,(,j) # (,j) we will show that

1. H"(i,j) does not have duplicates;
2. H"(i,j)and H" (7', ") do not have overlaps, that is, (i, /), H5(i, /), H{(’.j"), and H; (7', ")
do not have overlaps with each other.

It is obvious that ’H’I’(i, J) does not have duplicates and nor does Hg(i, J) according to their
definitions. Because i # j, it is also trivial to show that 'H'f(i, j) and Hg(i, j) do not have
overlaps, based on their definitions. Therefore, the first claim is indeed true. The burden
now is to verify the second claim.

We show that the four sets have no overlaps with each other. We show this two sets at
a time, there are in total 6 pairs to consider. As an immediate result of the discussion in
the first claim, the following four combinations do not have overlaps: H’l‘(i, J) vs. H;(i, s
HY@,J) vs. Hy (@, ), HiG ) vs. HY G L7, Hy @) vs. H5 (W, j'). The two combinations left
are H'{(i,j) vs H5(,j") and H{(,j') vs H,(i,j). We notice that they are symmetric and,
because the choice of the tuples (i, ), (i, /) is arbitrary, we only need to show that H}(i, /)
and H(i’,j") do not have overlaps, given (i, /) # (@', ).

H@.j) and H5(,j') each have two possibilities for the form of their output. Thus,
together, there are four possibilities to consider. None of them have an overlap, which we
show by contradiction.

L H{G)) = {(i,n+ 1,h@@)} and H (@, j) = {(,n+ 1,h("))}. If these single-element
sets have an overlap, that implies that i = j’, but, according to the definition, i = 1 and
i’ =j — 1 which implies j/ > 1.

2. H{G)) = {Gn+ 1Lh@)and H5(, /) = {(.j', (")), @', n + 1, h(j")) }. For them to have
an overlap, (i) = h(j"). That requires i = j’ which contradictory toi = land i’ < ;' — 1
at the same time.

3. MG = {1 k@), G.n+ 1, k@) } and HY @, j) = {(@, )", h(")), (', n + 1, k(")) }. For
the first two components to equal, i =i/, j =/, and i =/, which is contradictory to
i’ <j' — 1. For the second two components to equal, j = i’ and i = j/, which is contradic-
tory to i < jori’ <j'. Because of the existence of “n + 17, the components at different
positions cannot collide.

4. H1Gj) = {Gj, k@), G, n + 1, k@) }and HH@, j) = {7, n + 1, A(j")) }. This implies j = j
and j/ = i, which is contradictory to i < j.
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For example, if n = 3, then the possible tuples (1, 2), and (1, 3), and (2, 3), get mapped
respectively to (1, 2, 3), (2, 4, 3), (2, 4, 1), and (1, 4, 3), (1, 3, 2), (1, 4, 2), and (2, 3, 1),
(3,4, 1), (3,4, 2), all of which are different and satisfy the claims in Lemma 4.

We now prove the four metric properties in order. It is trivial to prove the first three
properties given the definition of our distance function for the transport problem. Then, we
provide a detailed proof for the triangle inequality.

Non-negativity

Proof The non-negativity of '/ and r*/, implies that (d"/,r"/ ) , > 0, and hence that W > 0.
O

Symmetry

Proof Recall that the computation of YW(p':+) involves a set of distances {d*” } 45 Consider
a generic permutation map o, and let ¢~ be its inverse. Let ¢ and ¢~! apply component-
wise to its argurnents The computation of W(p°@1:") involves a set of distances {de? Yab
that satisfy d" = d° G, Therefore each term <d’J riv > involved in the computation of
W(pe(i:), can be rewritten as (d* (), riJ ),» where a simple reindexing of the summation
> » allow us to write as (d” "(’J)> .- Since the mass function r has as supporting sample
space Q) x ... x QU the margrnal r°0 can be seen as the marginal g/ of a mass func-
tion ¢ with support Q' X --- X Qir. Therefore, minimizing Y, (<d"’ ”) YW/? for r over

Qo) x ... x QoUW i3 the same as minimizing Y., (<d"’,q’=/> )1 ? for q over Qi1 X --- X Qb
O

Identity

Proof We prove each direction of the equivalence separately. Recall that {p'} are given,
they are the masses for which we want to compute the pairwise MMOT.

“«<=":If for each i, j € [n] we have Q' = &, then |Q/| = |€¥|, and there exists a bijection
b¥(-) from [|Q']] to [|€¥[] such that Q! = & sy Tor all s. If furthermore p'=p/, we can
define a r for Q! x Q" such that its univariate marginal over Qi r' satisfies r' = p', and

such that its bivariate marginal over Q' x &/, rJ, satisfies r , if t = b¥(s), and zero
otherwise. Such a r achieves an objective value of 0 in (6) the smallest value possible by
the first metric property (already proved). Therefore, W' " = 0.

“="": Now let r* be a minimizer of (6) for W"". Let {r*'} and {r*¥¥} be its univariate
and bivariate marginals respectively. If W' = 0 then (d"/,r*/) , = 0 for all i, j. Let us
consider a specific pair i, j, and, without loss of generality, let us assume that |Q'| < |€Y].
Since, by assumption, we have that r*’ =p,>0forallse [1Q/]], and r*f;“= p. > 0 for all

s € [|S¥Y]], there exists an injection bl ) from [19']] to [|<¥[] such that 7, (> 0 for all

s € [|Q/]]. Therefore, <d’*’, *”’>f = 0 implies that d”’hl, = 0 for all s € [|Q/|]. Therefore,
since d is a metric, it must be that Q = Q’b‘._/ © for all s E [1€2°]]. Now lets us suppose that

there exists an r € [|(¥|] that is not in the range of b Since, by assumption, all of the ele-
ments of the sample spaces are different, it must be that d’ " > 0 for all s € [|Q|]. There-
fore, since <d’=’ *"f>f = 0, it must be that r*"’ =0 for all s € [|Q/|]. This contradicts the
fact that Zre[lQ’l] r o= r*/ =p. > 0 (the last 1nequahty being true by assumption). There-
fore, |Q| = ||, and the exrstence of b/ proves that Q' = /. At the same time, since
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8,0

all s, i.e. p' =p/. O

d’;’, > 0 for all £ # bi(s), it must be that r** = 0 for all # # b (s). Therefore, pl= P;, i) for

Generalized triangle inequality

Proof Let p* be a minimizer for (the optimization problem associated with) W' and let
p*"/ be the marginal induced by p* for the sample space Q' x /. We would normally use
r* for this minimizer, but, to avoid confusions between r and r, we avoid doing so. We can
write that

Wl,“"n — Z <dld,p*ld>f (24)

1<i<j<n—1 ¢

For r € [n], let p*” be a minimizer for W~ "1 We would normally use r*”
for this minimizer, but, to avoid confusions between r and r, we avoid doing so. For
i,j € [n+ 11\{r}, let p®*"" be the marginal of p*" for the sample space Q' x €. Recall
that since p*” satisfies the constraints in (6), its marginal for the sample space Q' is p*/,
which is given in advance.

Let h(-) be the map defined as (22). Define the following mass function for
Ql X oo X Qn+1’

q= g<p*n+1, {p(*h(i))i|n+l}ie[n]>’ 25)
where p* 1" is defined as the mass function that satisfies pC®
Notice that since h(i) & {i,n + 1}, the probability p®"®""*' exists for all i € [n].

Let g~" be the marginal of g for sample space Q! x --- x Q", and ¢*/ be the marginal
of g for QF x Y.
By Lemma 2, we know that the ith univariate marginal of ¢ is p’ (given) and hence
L..n gatisfies the constraints associated with W' " Therefore, we can write that

> (@) < Y (d.q9);. (26)

1<i<j<n 1<i<j<n

iln+ lp*n_H — p(*h(i))i’""'].

q

By Lemma 3, inequality (a) below holds; because d is symmetric, (b) below holds; by the
definition of ¢, (c) below follows. Therefore,

<di‘i,qi’j>f; (;) <di,n+l,qi,n+] >§ + <d’l+l‘i,qn+]’j>i (27)

(2 <di,n+l’qi,n+1 >;f + <dfan+l,qj,n+1 >i

1 1
© <di,n+1 ’p(*h(i))"v""" >; " <dj,n+l ’p(*h(/)yv"“ >;

(28)

1

Let w(; j, denote each term on the r.h.s. of (24), and w;; ,, denote <d""' , p(*’)i‘jx. Combining
(26)~(28), we have ’
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2 WS X Wiy H Wy (29)
1

1<i<j<n— 1<i<j<n—1

Finally, we write

Z} Wl ,,,,, r=1,r+1,...,n+1 — Z Z W(i,j,r)’ (30)

r=1 ijen+11\{r}.i<j

and show that (30) upper-bounds the r.h.s of (29).
First, by Lemma 3 and the symmetry of d, we have

Wainmh(iy < Wajnay T WGnhi)» (€1))
and,
WinhGy = WGy T Wainngy» (32)

as long as for each triple (a, b, ¢) in the above expressions, ¢ & {a,b}. We will use
these inequalities to upper bound some of the terms on the r.h.s. of (29), which can be
further upper bounded by (30). In particular, we will apply inequalities (31) and (32)
such that the terms w,, . that we get after their use have triples (a, b, ¢) that match the
triples obtained via the map H" defined in Appendix 1. To be concrete, for exam-
ple, if H" maps (i, j) to {(i,n+ 1,h(D)), (j,n + 1,h(j))}, then we do not apply (31) and
(32), and we leave W41 iy + Wint1ngy @ is on the rhs. of (29). If, for example, H"
maps (i, j) to {(i,n+ 1,h(i)), ], h(j)), (i,n + 1,h(j))}, then we leave the first term in
Wint1h) T Wintingy in the rhs. of (29) untouched, but we upper bound the second term
using (32) t0 et W 1 sy + Weijhgy) + Wi+ 1aGy

After proceeding in this fashion, and by Lemma 4, we know that all of the terms w, ,, .,
that we obtain have triples (a, b, ¢) with ¢ # {a,b}, withc € [n],and 1 <a<b<n+1.
Therefore, these terms appear in (30). Also by Lemma 4, we know that we do not get each
triple more than once. Therefore, the upper bound that we just constructed with the help of
‘H" for the r.h.s of (29) can be upper bounded by (30). O

Appendix 4: proof of theorem 4

The proof of Theorem 4 requires a special hash function, discussed next, as well as the use-
ful Lemmas in Appendix 1.

Special hash function
To prove that 4. in Definition 4 holds with C(n) > (n — 1)/5, n > 7, we define the following
special hash function. In what follows, the symbol @ denotes a list join operation with no

duplicate removal, e.g. {x,y} ® {x,z} = {x,y,x,2}.

Definition 8 The map H'™ transforms a triple (i,j,r),1 <i <j<n,r € [n— 1] to either 2,
3, or 4 triples according to
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(i.j,r) = H G j,r) = HGj,r) @ H'Gyi, ), (33)
s .o JAG R H 1)) Lifj=n(i,r)
Ghn = { (G WG, G WGP} S # B G ) G

(35)

re o~ J1+@+r—=1) modn) ,ifi<n
h(”’)‘{1+(r mod (n—1)) ,ifi=n"

We assume that the first two components of each output triple are ordered. For example,
@i, r, W (j,r)) = (min{i, r}, max{i, r}, ¥'(j, r)).

The following property of H'" is critical to lower bound C(n).

Lemma 5 Let (a,b,c) € H"(i,j,r), 1<i<j<n, r€ln—1]. Then, 1<a<b<n,
1 <c¢<n,andc & {a,b}. Furthermore,

D Hiin (36)

1<i<j<n

has at most 5 copies of each triple, where two triples are equal iff they agree
component-wise.

Proof Recall the definitions:

s [ AGrHG)) Afj =1 (.r)
s = { (@J WGP, G.r WG ) ) # G
re o~ J1+@+r—=1) modn) ,ifi<n
h(”’)‘{1+(r mod (n—1) ifi=n"

The fact that 1 <a <b <n and that 1 <c¢ <n is immediate. The fact that ¢ # {a, b}
amounts to checking that '(i, r) & {i,r}for alli € [n], and r € [n — 1]. This can be checked
directly from (35). E.g. //(i,r) = i would imply either ( =n) A(rmodn—1=i-1), or
(i<nm)A(@i+r—1)modn=i-1), both of which are impossible. The rest of the proof
amounts to checking that if (a, b, c) is in the output of H" , then there are at most 5 differ-
ent inputs that lead to (a, b, c¢). There are 10 possible candidate input triples that lead to
output (a, b, ¢). Namely,

(a,b,c) = (i]’rlvh’(ilvrl)) = H,n(il’jl’rl)’ lf.]l = h,(il’rl) andil < rl’

(a,b,¢) = (ry, iy, ' (iy, 1)) = H/,n(iz’jzv”z)a if j, = W' (iy,ry) and r, < iy,
(a,b,¢) = (i3, )3, W (i3, 13) = 'H,"(i3,j3, r3), if j; # W (i5, 13),

(a,b,¢) = (jyo 1y, W (g, 1)) = H{"(i4,j4,r4), if j, # Wiy, ry)and j, <ry,
(a,b,¢) = (rs, s, 1 (is5, 75)) = H/"(is,js, rs), if js # W (is,rs) and r5 < js,
(a,b,¢) = (g, g, W (g, 7)) = H,"((i6,j6, re),if i = W (g, 1) and jg < rg,
(a,b,¢) = (ry,j7, 0 (j;,r7)) = 7‘(/"(i7,j7,r7), ifi; = W' (j;,r;) and ry < j5,

(a,b,¢) = (ig, g, W (g, 13)) = H("(ig’js’ rg),if ig # h'(jg, 1g)s

(a,b, ¢) = (ig, rg, W (o, 19)) = H "(ig, Jigs To), if ig # N (jg, 1) and iy < rg,
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Fig.8 Graph whose edges are 5
pairs of scenarios that cannot

both hold. Any maximum inde- 1
pendent set has size 5, which is
used below to prove Lemma 5
4
3 9

(a,b,¢) = (rig, 10, W' (- T10)) = H "(i105J10- T10)s i iy # H'(rgs 11g) and ryg < iy

Twelve pairs of the 10 scenarios above cannot simultaneously hold. The 12 pairs of sce-
narios that cannot both hold are displayed as edges in a graph in Fig. 8. E.g. edge (4, 10)
represents that scenarios 4 and 10 that cannot both hold. The proof that the pairs repre-
sented by edges in Fig. 8 cannot both hold is done below. A maximum independent set of
this graph is {3, 8,9, 2, x}, where x € {1,4, 6, 10}. Thus at most 5 input scenarios lead to a
given output triple.

What remains to be proved is that several pairs of the 10 scenarios described above can-
not both hold.

Recall that for any input triple (i, j, 7) we always havel <i<j<n,andr € [n—1].

Scenarios 1 and 5 cannot both hold, because that would imply r5 = i;,j5 = r;, which
would imply #'(rs,js) = K (i, ry) = W (is, r5), which since rs,is < n would imply is = js,
contradicting i5 < js.

Scenarios 1 and 6 cannot both hold, because that would imply
a=ip <j =W(ij,r)=c=n(ers =is <jo = a.

Scenarios 2 and 7 cannot both hold, because that would imply that
Jo = Wiy, ry) = W (j;, ;) = i5 < j; = iy, contradicting i, < j,.

Scenarios 1 and 4 cannot both hold, because that would imply j, =i, <nandr, =r,,
which would imply #'(j,,r,) = W (i, r,) = W' (iy, ), which since iy,j, <n would imply
Ja = iy, contradicting iy < jy.

Scenarios 2 and 5 cannot both hold, because that would imply js =i, <n,rs = ry,
which would imply 4'(js,rs) = h'(iy,r,) = W' (i5, r5), which since j; <n would imply
is = js, contradicting i5 < js.

Scenarios 6 and 10 cannot both hold, because that would imply r}, = j, < 74 = i}9 < 7,
which would imply 4 (ryg,i19) = # (g, 76) = B (j19» 719)- This in turn would imply one
of two things. If j, <n, then A (ryg, i) = (g, ro) would imply jjo =iy, contra-
dicting i}, < jjo- If on the other hand j,, = n, then A’ (ry, iy) = 1'(j;o, 1) Would imply
14 (rjg+ijo—1modn) =1+ (r; mod n — 1). Recalling that r;, < ry <n— 1, we would
geti;g — 1 =0 mod n. This would imply i;, = 1, contradicting i;, > 4 > 1.

Scenarios 7 and 10 cannot both hold, because that would imply
ry =1y <J; =19 < n— 1, which would imply #'(i,, r,0) = W (j;, r7) = B (j,> F10)- This in
turn would imply one of two things. If j,, < n, then A'(i\o, 7o) = 1 (j 1o, 1) Would imply
i10 = Jio> contradicting i, < j,o. If, on the other hand, j,, = n, then &' (i,o, 710) = 1 (195 T10)
would  imply 1+ (y+ro—1modn)=1+4((,modn—1). Recalling that
rio <Jj7 =190 <n—1, we would get i;, — 1 = 0 mod n. This would imply i,, = 1, contra-
dicting i;y > rjg > L
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Scenarios 5 and 6 cannot both hold, because that would imply js =15 <js =rs <n—1,
and /' (i5, rs) = W (jg, 15), which would imply #'(is, js) = ' (js,js), which since j, <n—2
would imply i5 = js, contradicting is < js.

Scenarios 1 and 10 cannot both hold, because that would imply r; =i}, > i} =7y = 1,
which would imply %' (7, i19) = #' (i;, 1) = 1 (j195 T'10)- This would imply one of two things.
If j,o < n, and, recalling that |, < n, this would imply i, = j,,, contradicting i, < j,o. If on
the other hand, j,, = n, this would imply 1 + (r;, mod n — 1) = 1 + (r}, + i;, — 1 mod n),
which would imply i;, = 1, contradicting i;, > 1.

Scenarios 4 and 6 cannot both hold, because that would imply j, =js < ry =r¢ <1,
which would imply 4'(iy, r,) = I (g, r¢) = B (js, r4), which recalling that j, <n would
imply i, = j,, contradicting i, < j,.

Scenarios 4 and 7 cannot both hold, because that would imply j, = r; <j; =r, <n,
which would imply #'(iy, ) = #'(r5,j;) = I’ (js, r4), which recalling that j, <n would
imply i, = jy,, contradicting iy < j,.

Scenarios 4 and 10 cannot both hold, because that would
imply iy <jys =19 <ry=11 <Jjio which would imply
W (iy, 19) = B (iy, r4) = W (1o, 119) = W (j1gsJs)- This would imply one of two things.
If j, <n, this would imply 1+ (iy +i;y+1modn)=1+(, +j,,+ 1 modn), which
would imply (j, —iy) + (j;o — i;9) = 0 mod n, which since j, > iy, j,o > ijo would imply
(s —i4) + (1o —i1p) = n. This in turn would imply j,o=n+ (g —js) +iy > n+i, > n,
since iy — j, > 0, and iy > 0, contradicting j;, < n. If on the other hand j, = n, this would
imply 1+ (iy+i;y+1modn)=1+(j, modn—1), which since j,=r <ry,<n-1
would imply (4 —i; —i,o+ 1) modn =0, which imply either j, —i, —i;o+1=0 or
Js—iy—ijo+1=—n. The 1st option would imply j, =i,y +i, — 1 > i}y, contradicting
J4 < i9- The 2nd option would imply i}, = n + 1 + j, — iy > n, contradicting i}, < n. O

Remark 9 Note that we might have a = b in an triple (a, b, ¢) output by H'™. For example, if
n =4, all 5 triples (1, 2, 3), (1, 3, 2), (2, 3, 2), (2, 3, 3), and (2, 3, 4) map to (2, 3, 1). Also,
both (1,2, 1) and (1, 4, 1) map to (1, 1, 2) whose first two components equal.

Proof of lower bound on C(n)

We will show

r=1

For r € [n], let p®* be a minimizer that leads to W' "1 We would normally use
r* for this minimizer, but, to avoid confusions between r and r, we avoid doing so. For
i,j € [n+ 11\{r}, let p®*"" be the marginal of p*" for the sample space Q' x . Since
pC7) satisfies the constraints in (6), its marginal over Q equals p'.

Let A'(-,-) be the map in (35). For each r € [n — 1], define the mass function over
Ql x o x Q1

r r ! (i) 1"
q( ) o g<p s {p( h (i,r) }iE[ﬂ|\r>’ (37)
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ilr_.

= ptH G Note that 1'(i,r) & {i,r},Y 1 <i <n,

where p®/'G: D1 satisfies peH G p
and pC7 D" exist. Let ¢ be the marginal of ¢ over

and r € [n — 1]. Thus, p®*/'G: b
Q', and ¢"" over Q' x Q.

By Lemma 2, we know that ¢’ equals p’ (given) for all i € [n], and hence ¢ satisfies
the optimization constraints in (6) for W! Therefore, we can write

(n = W' = ;1<;<n<d’J *’J) ;1<§<n<dw “”), (38)

where p* is the bivariate marginal over Q' x €' of the minimizer p* for Wl
‘We now bound each term in the inner most sum on the r.h.s. of (38) as

1 1
< d,q» J> <d” (r)""'y + <d” ,q(')r’jy (39)
¢ ¢ ¢
1 ca L
® <di,r L ’> ‘4 <dj,r’q(r)/”> ‘ (40)
7 14
© i\ F i \7
< <d1,;’p(*h (i,r)) > + <d"’ p(*h(/r))/ > (41)
/ f

where i # r, r # j, and: (a) holds by Lemma 3 (b) holds because d is symmetric; and (c)
holds because, by Lemma 2, g = p®/' @)™ and g0V = pC#'G. '

Bounding the r.h.s. of (38) using (39) - (41), we re-write the resultlng inequality using
the notation

n—1

n—1
(=W = 3 Wiy S D D Vawwan T Verwioy (42)

r=1 1<i<j<n r=1 1<i<j<n
1
where (a) each wy;; ) represents one <d""',p*’*’> “ on the L.h.s. of (38). Since h’(i r) & {i,r},

when i # r the mass p" @)™ exists; (b) each V(5. TEPresents <d” p(*l)”> if s #1, and is

zero if s = t; and (c) we are implicitly assuming that the first two components of each triple
on the rh.s. of (42) are ordered, i.e. if e.g. r <i then (r,i,h'(i,r)) should be red as
@, r, WG, ).

Finally, using this same compact notation, we write

n

5 zn: Wl,.4.,r—l,r+l,<..,n+l =5 Z Z V(i,j,r)’ (43)

r=1 ijeln+11\{r}.i<j

and now we will show that (43) upper-bounds the r.h.s. of (42), finishing the proof.
First, by Lemma 3 and the symmetry of d, observe that the following inequalities are
true

Vi) S Vg T VG (44)
and,

VGt Gy = Vg Gy + Vi G (45)
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as long as for each triple (a, b, c¢) in the above expressions, ¢ € {a,b}. We will use ine-
qualities (44) and (45) to upper bound some of the terms on the r.h.s. of (42), and then
we will show that the resulting sum can be upper bounded by (43). In particular, for
each (i, j, r) considered in the r.h.s. of (42), we will apply inequalities (44) and (45) such
that the terms Viabe) that we get after their use have triples (a, b, c¢) that match the tri-
ples in H (z J» 1), defined in Definition 8. To be concrete, for example, if H" maps
@, j, r) to {(i,r, (i, 1)), (r,j, W (j,r))}, then we do not apply (44) and (45) and we leave
V(i G, ”) + Viiwgry 88 1s on the rhs. of (42). If, for example, H" maps (i, j, r) to
(G, r, W (i, 1), ], (1), G, r H(,r)}, then we leave the first term in Vir Gy T Vein )
in the rh.s. of (42) untouched, but we upper bound the second term using (45) to get
Varn@n) ¥ Vi G ¥ Virmwgry

After proceeding in this fashion, and by Lemma 5, we know that all of the terms v, ;, .,
that we obtain have triples (a, b, ¢) with ¢ # {a,b},c € [n— 1], and 1 < a < b < n. There-
fore, these terms are either zero (if a = b) or appear in (43). Also because of Lemma 5,
each triple (a, b, c) with non-zero Viabe) will not appear more than 5 times. Therefore, the
upper bound we build with the help of #’ for the r.h.s of (42) can be upper bounded by (43).

Proof of upper bound on C(n)

Consider the following setup. Let Qi = |2| for all i € [n], and Qi € R for all i € [n],
s € [|Q|]. Define d such that d;’, is |Q! — ]|, if s = ¢, and infinity otherwise. Let p’ = ﬁ
foralli € [n], s € [|L]].
Any optimal solution r* to the pairwise MMOT problem must have bivariate marginals
1 ij iy \ 7
o= 705> and thus (d¥, iy = IQI”
has a vector in R/, and || - ||, is the vector #-norm. Therefore, ignoring the factor —

that satisfy r* — ||Q — Y|, where we interpret Qi

lglf, we

only need to prove that 4. in Definition 4 holds with C(n) = n — 1 when W'" is defined as
> <i<j<n |Q7 — &||,. This in turn is a standard result, whose proof (in a more general
form) can be found e.g. in Example 2.4 in Kiss et al. (2018).
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